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Introduction: What is the KL divergence and

why do we need it?

− KL divergence (or relative entropy) measures discrepancy
between measures (but is not a distance).

− Regularises optimal transport problems ("Entropic
Regularization"[3, Section 4]1).

− Is a Bregman distance and a φ-divergence.

− Connected to total variation norm: for µ, ν ∈ M+(X)

∥µ− ν∥2TV ≤ 2KL(µ, ν). (Pinsker’s inequality)

1Gabriel Peyré, Marco Cuturi: “Computational Optimal Transport”,
Foundations and Trends in Machine Learning, 2019
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Definition: General setting

Let X be a polish space.

Definition (Kullback-Leibler divergence)

The Kullback-Leibler (KL) divergence is

KL: M+(X)×M+(X) → [0,∞],

(µ, ν) 7→


∫
X
log

(
dµ

dν

)
dµ+ ν(X)− µ(X), if ν ≪ µ,

+∞, else,

where dµ
dν ∈ L1(X, ν) is the Radon-Nykodym derivative.a

aBeier et al.: Unbalanced Multi-Marginal Optimal Transport,, 2021
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Special Case: Probability measures

For distributions U and V of an absolutely continuous random
variable, with densities u and v (with respect to the Lebesgue

measure m on R) this simplifies to

KL(U, V ) :=

∫
R
u(x) log

(
u(x)

v(x)

)
dm(x),

as the last two terms cancel for probability measures.
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KL divergence of Gaussians

Consider two random variables P ∼ N (m,σ2
1) and

Q ∼ N (m,σ2
2) with σ2

1, σ
2
2 > 0. Then2

2KL(P,Q) =
σ2
1

σ2
2

− 1 + log

(
σ2
2

σ2
1

)
σ2
2↘0

−−−→ ∞.

As σ2
2 ↘ 0, N(m,σ2

2) degenerates to a Dirac measure δm.

; "Singular Gaussians are infinitely far away from all other
Gaussians" 3.

2Costa, Santos, and Strapasson: “Fisher information distance: A geometrical
reading”, Discrete Applied Mathematics, 2015

3Gabriel Peyré, Marco Cuturi: “Computational Optimal Transport”,
Foundations and Trends in Machine Learning, 2019
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KL divergence of Gaussians: Animation

Fig. 1: The KL divergence of two Gaussians, where the variance of
one varies.
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Properties of the KL divergence

− Nonnegative: KL(µ, ν) ≥ 0, (φ-div, Bregman)

− Positive definite: KL(µ, ν) = 0 ⇐⇒ µ = ν almost
everywhere, (φ-div)

− Non-symmetric: KL(µ, ν) ̸= KL(ν, µ), (Bregman)

− KL(µ, ν) ̸≤ KL(µ, ξ) + KL(ξ, ν), (Bregman)

− jointly convex, strictly convex in first entry.4 (φ-div)

4Beier et al.: Unbalanced Multi-Marginal Optimal Transport,, 2021
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Thank you for your attention!
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KL divergence of Gaussians: Animation

Fig. 2: The KL divergence of two Gaussians, where the mean of one
varies.

Viktor Glombik The Kullback-Leibler Divergence 30.04.2021 10 / 13



KL divergence as a φ-divergence

For µ, ν ∈ M+(X) with ν ≪ µ we have [3]

KL(µ, ν) = DφKL(P,Q) :=

∫
X
φ

(
dµ

dν

)
dν,

where

φKL(s) :=


s log(s)− s+ 1, for s > 0,

1, for s = 0,

+∞, otherwise,

as φKL ∈ Γ0(R) with φKL(1) = 0.

∫
X

log

(
dµ

dν

)
dµ

��dν
��dν−

∫
X

dµ

��dν
��dν+

∫
X

1 dν =

∫
X

log

(
dµ

dν

)
dµ−µ(X)+ν(X).
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The Shannon-Boltzmann entropy function

φKL(x) = x ln(x)− x+ 1

+∞
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KL divergence for Gaussians - Derivation
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