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LLMs, GPTSs, ETC

Is the monoid of Markov kemels commutative?

Nachgedacht fir 10s
Short answer: No — the monoid of Markov kernels (under composition) is not commutative in general.
Why

Composition of Markov kerels is the same operation as composing the corresponding Markov operators (or

multiplying their transition matrices in the finte case). Operator (or matrix) multiplication is not commutative

in general, so neither is kernel composition.

Concrete counterexample (finite state space)

Take state space { 1,2} and the two row-stochastic matrices (Markov kernels)
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e GPT = generative pretrained transformer, a type

of LLM = large language model.

Is the monoid of Markov kemels commutative?

e ChatGPT receives “question” (text input se- g 10
Short answer: No — the monoid of Markov kernels (under composition) is not commutative in general.
quence) and generates “answer” (text output se- why

Composition of Markov kernels is the same operation as composing the corresponding Markov operators (or

quence ) left_t O—l"i ght multiplying their transition matrices in the finite case). Operator (or matrix) multiplication is not commutative

in general, so neither is kernel composition.

Concrete counterexample (finite state space)

e Before transformers: sequence-to-sequence ok satespace {1, 2} an the o ro-tchastcmatics arov kene)
(Seq2Seq) models use two particular RNNs P

(called Long-Short-Term-Memory, LSTM) in

an encoder-decoder architecture. CNNs alike e Y

struggle to capture long-range dependencies. Fic. 1: ChatGPT5’ UL

e text is not only sequential (order matters), but

also structured: there is context!
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TOKENIZATION

The preprocessing step of tokenization uses a vocabulary, an embedding and positional

encoding.
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TOKENIZATION

The preprocessing step of tokenization uses a vocabulary, an embedding and positional

encoding.

Le lycée Marcelin Berthelot
étant situé sur le parcours
touristique de « la boucle de la
Marne », est connu de tous
ceux qui ont visité les environs
Ah,
immense batiment moderne »
dit-on.

de Paris. « c’est cet

Tokenize
_—

Le lycée Marcelin Berthelot
étant situé sur le parcours
touristique de « la boucle de la
Marne », est connu de tous
ceux qui ont visité les environs
de Paris. « Ah, c’est cet
immense batiment moderne »
dit-on.
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Fic. 2: Text is encoded into a point cloud. © . peyre
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TOKENIZATION

The preprocessing step of tokenization uses a vocabulary, an embedding and positional

encoding.

Le lycée Marcelin Berthelot
étant situé sur le parcours
touristique de « la boucle de la
Marne », est connu de tous
ceux qui ont visité les environs
de Paris. « Ah,
immense batiment moderne »
dit-on.

c’est cet

Tokenize
_—

Le lycée Marcelin Berthelot
étant situé sur le parcours
touristique de « la boucle de la
Marne », est connu de tous
ceux qui ont visité les environs
de Paris. « Ah, c’est cet
immense batiment moderne »
dit-on.

Token
; &
encoding i
Positional
encoding

Fic. 2: Text is encoded into a point cloud. © . peyre

The points x; are called (context) tokens.
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The transformer architecture consists of stacked decoder-like sublayers,
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(masked multi-head) self-attention + (token-wise) feed-forward neural networks aka MLP

with residual aka skip connections + layer normalization
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The transformer architecture consists of stacked decoder-like sublayers, made up of
(masked multi-head) self-attention + (token-wise) feed-forward neural networks aka MLP

with residual aka skip connections + layer normalization
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Fic. 3: Autoregressive decoder-only transformer architecture (GPT). Figure modificd from Peyré 2024.
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Fic. 3: Autoregressive decoder-only transformer architecture (GPT). Figure modificd from Peyré 2024.

(Variant of encoder-decoder transformer “T5” [Vaswani et al. 2017])
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TRANSFORMER ARCHITECTURE

The transformer architecture consists of stacked decoder-like sublayers, made up of
(masked multi-head) self-attention + (token-wise) feed-forward neural networks aka MLP

with residual aka skip connections + layer normalization
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Fic. 3: Autoregressive decoder-only transformer architecture (GPT). Figure modificd from Peyré 2024.
(Variant of encoder-decoder transformer “T5” [Vaswani et al. 2017])

Training via backpropagation: loss = predict next token given the previous ones
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TRANSFORMER ARCHITECTURE

The transformer architecture consists of stacked decoder-like sublayers, made up of
(masked multi-head) self-attention + (token-wise) feed-forward neural networks aka MLP

with residual aka skip connections + layer normalization
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Fic. 3: Autoregressive decoder-only transformer architecture (GPT). Figure modificd from Peyré 2024.
(Variant of encoder-decoder transformer “T5” [Vaswani et al. 2017])

Training via backpropagation: loss = predict next token given the previous ones

Generation: predict next token, add to rest ("context"), repeat ("autoregression")
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THE SINGLE—HEAD ATTENTION BLOCK [VAswaNI ET AL. 2017; BaHDANAU, CHO, AND BENGI

k-th layer with step size 7 > 0:
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k-th layer with step size 7 > 0:

. ®) e ()
e exp ((Qu”, Ka))
=T o ) 1ol
J=1 D_p—1 €XP ((Q% Kz, >>
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k-th layer with step size 7 > 0:
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=T o ) 1ol
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val, ke{l,... L}ie{l,...,n}

query, key, value matrices Q, K,V learned during training
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THE SINGLE—HEAD ATTENTION BLOCK [VaswaNT ET AL. 2017; Banpanau, CHo, AND BEeNcio 2015]

k-th layer with step size 7 > 0:

. ®) e ()
e exp ((Qu”, Ka))
=T o ) 1ol
J=1 D_p—1 €XP ((Q% Kz, >>

val, ke{l,... L}ie{l,...,n}

query, key, value matrices Q, K,V learned during training

(Qx, Ky) is (non-symmetric!) alignment score between x and y. If alignment is high,

then x is relevant for y. Other alignment: v' tanh(Wx 4 Uy).

Compactly: Attention(Q, K, V') = softmax (QK T) V', where the “soft argmax” is

softmax: RY — int(Ag_1), T < deXP($j) ) ‘
> o—1€xp(ze)
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Each transformer sublayer = one discrete time step.
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THE ATTENTION ODE [Lu ET AL. 2019; Vuckovic, BARATIN, AND CoMBEs 2020]

From now on: ignore normalization & MLP.

Each transformer sublayer = one discrete time step. Letting the step size A — 0 (like in

neural ODEs) we obtain (unmasked single-head) self-attention

bt) — S~ e (Qui(D). Ky (1)
= 2 S e (@uld), KeeD))

=P ;(t)

Va;(t), i€n], t>0. (1)

x;(t) - tokens or representations at time t,
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THE ATTENTION ODE [Lu ET AL. 2019; Vuckovic, BARATIN, AND CoMBEs 2020]

From now on: ignore normalization & MLP.

Each transformer sublayer = one discrete time step. Letting the step size A — 0 (like in

neural ODEs) we obtain (unmasked single-head) self-attention

bt) — S~ e (Qui(D). Ky (1)
= 2 S e (@uld), KeeD))

=:Fi,;(t)

Va;(t), i€n], t>0. (1)

xi(t) - tokens or representations at time t, P; ; is called the (stochastic) attention matriz

(1) is a simplified version of forward pass through the infinitely deep

trained transformer with the same @, K,V in all layers (“weight sharing”).
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MEAN FIELD LIMIT - THE TRANSFORMER PDE [Burcer ET AL. 2025]

Mean field limit of infinitely many tokens:

.'o Fylx] LS F()[fﬂ
. ]

g
n—o0

1 & dy ke e
{aifiy <= Z;(Sa; 270 we P(RY) T Tm
1=

i ¢
On probability measures P(Rd), the transformer ODE becomes the transformer PDE

du(y)

ﬂt =-V- (Ntr(ﬂt»v t> 0’ [F(M)](l') = /I‘Rd Vy fRd e}e();p(éé;ix}(i?;))ziu(z)

I" is called softmazx attention mapping.

Other forms of attention: Sinkhorn, L2, linaer, unnormalized, masked)
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ASYMPTOTIC LOW-RANKNESS OF ATTENTION MATRIX

Letd=1,V >0, QK > 0.

Viktor Stein Mode collapse and metastability in Transformers 15.09.2025



ASYMPTOTIC LOW-RANKNESS OF ATTENTION MATRIX

Letd=1,V >0, QK > 0. For any sequence of pairwise distinct initial tokens
(zi(0)fy € RP,
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ASYMPTOTIC LOW-RANKNESS OF ATTENTION MATRIX

THEOREM (GESHKOVSKI ET AL. 2023, THM. 2.1)
Letd=1,V >0, QK > 0. For any sequence of pairwise distinct initial tokens

(2:(0)), € R&™ there exists a permutation matriz TT € R™"
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ASYMPTOTIC LOW-RANKNESS OF ATTENTION MATRIX

THEOREM (GESHKOVSKI ET AL. 2023, THM. 2.1)
Letd=1,V >0, QK > 0. For any sequence of pairwise distinct initial tokens

(2:(0)), € R there exists a permutation matriz TT € R™™ such that

1 o ... ... 0

1 o ... ... 0 n
tliglop(t) =lar ay ... ... aq |1l € Rnxn’ a; > 0, Zai =1L

0 0 1 =1

0 0 1
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ASYMPTOTIC LOW-RANKNESS OF ATTENTION MATRIX

THEOREM (GESHKOVSKI ET AL. 2023, THM. 2.1)
Letd=1,V >0, QK > 0. For any sequence of pairwise distinct initial tokens

(2:(0)), € R there exists a permutation matriz TT € R™™ such that

1 o ... ... 0

1 o ... ... 0 n
tliglop(t): a a2 ... ... a4 HER”XH, a; > 0, Zaizl-

0 0 1 =1

o ... ... 0 1

For almost all initial tokens (a;)j—; € {e1,en}.
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t = 0.0, rank= 11 t = 3.0, rank= 23 t = 5.0, rank= 14 t =10.0, rank= 2
A e ™ T 1 ] 1 ]
i mil ' | 1 0 1 | 1 |
B lman ] '
| - - - - 7 ] I 7 7
EF R P - foll: ] - ] -
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t = 3.0, rank= 27 t =5.0, rank= 15 t = 10.0, rank= 3
U 1t 1
3 ;
i 14 i
i 7j |
|
z 1t 4

Fic. 4:d=1and Q = K =V = 1. Top: n =40, bottom n = 100. The attention matrix
converges to a rank two matrix at a doubly exponential rate.
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PREPROCESSING STEP: SPATIAL RESCALING

Motivation. Degenerate case: QTK = 0.
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PREPROCESSING STEP: SPATIAL RESCALING

Motivation. Degenerate case: QTK = 0. Transformer ODE becomes ;(t) = V;(t) ~» no
interaction, closed form z;(t) = e'V'2;(0) ~» divergence: ||z;(t)|| € O(e?) for t — oo.

tvV

Solution: spatial rescaling: z;(t) == e~ x;(t) ~ controls ||z;(¢)]| for t — co.
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PREPROCESSING STEP: SPATIAL RESCALING

Motivation. Degenerate case: QTK = 0. Transformer ODE becomes ;(t) = V;(t) ~» no
interaction, closed form z;(t) = e!¥'x;(0) ~ divergence: ||z;(t)|| € O(e') for t — oc.

Solution: spatial rescaling: z;(t) = e~V x;(t) ~» controls ||z;(t)|| for t — oo.

Transformer ODE becomes

si(t) = r ( exp ((Qetvzi(t)Ketsz(t)))
j=1

D=1 exp ((Qetvzi(t)Ketsz(t»)) Vi(z(t) —2i(1).
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Motivation. Degenerate case: QTK = 0. Transformer ODE becomes ;(t) = V;(t) ~» no

interaction, closed form z;(t) = e!¥'x;(0) ~ divergence: ||z;(t)|| € O(e') for t — oc.

Solution: spatial rescaling: z;(t) = e~V x;(t) ~» controls ||z;(t)|| for t — oo.

Transformer ODE becomes

si(t) = r ( exp ((Qetvzi(t)Ketsz(t)))
j=1

D=1 exp (<Qetvzi(t)K€tVz€(t)>)> Vi(z(t) —2i(1).

Looks like Krause model for flocking phenomena / opinion dynamics:
&i(t) =Y 1 Pij(z;(t) — zi(t)) (note that P;; not time-dependent).
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PREPROCESSING STEP: SPATIAL RESCALING

Motivation. Degenerate case: Q7K = 0. Transformer ODE becomes () = V;(t) ~ no

interaction, closed form z;(t) = e!¥'x;(0) ~ divergence: ||z;(t)|| € O(e') for t — oc.

Solution: spatial rescaling: z;(t) = e~V x;(t) ~» controls ||z;(t)|| for t — oo.

Transformer ODE becomes

si(t) = r ( exp ((Qetvzi(t)Ketsz(t)))
j=1

D=1 exp (<Qetvzi(t)K€tVz€(t)>)> Vi(z(t) —2i(1).

Looks like Krause model for flocking phenomena / opinion dynamics:
&i(t) =Y 1 Pij(z;(t) — zi(t)) (note that P;; not time-dependent).

Spatial rescaling is a mathematical surrogate for normalization
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KEY RESULTS FROM [GESHKOVSKI ET AL. 2023]

Value ‘ Key and query ‘ Limit geometry

V=1 ‘ Q'K =0 ‘ vertices of convex polytope
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KEY RESULTS FROM [GESHKOVSKI ET AL. 2023]

Value ‘ Key and query ‘ Limit geometry
V=1 Q'K =0
Amax (V) > 0 simple | (Qp1, K¢1) >0

vertices of convex polytope

union of 3 parallel hyperplanes
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Value Key and query Limit geometry
V=1 Q'K =0 vertices of convex polytope
Amax (V) > 0 simple | (Qy1, K¢1) > 0 | union of 3 parallel hyperplanes
V paranormal Q'K =0 polytope x subspaces
V=-1 Q'K =1 single cluster at origin
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KEY RESULTS FROM |GESHKOVSKI ET AL. 2023|

Value Key and query Limit geometry
V=1 Q'K =0 vertices of convex polytope
Amax (V) > 0 simple | (Qy1, K¢1) > 0 | union of 3 parallel hyperplanes
V paranormal Q'K =0 polytope x subspaces
V=-1 Q'K =1 single cluster at origin

TABLE 1: Clustering taxonomy for rescaled dynamics (except last row).

Interesting: last row <+ heat equation, for Sinkhorn attention [Agarwal et al. 2024].

V paranormal <= 3F,G C R? with F$ G =R, VF=F, VG =G, V|p = AL,
p(V|a) < A (p = spectral radius).
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Value Key and query Limit geometry
V=1 Q'K =0 vertices of convex polytope
Amax (V) > 0 simple | (Qy1, K¢1) > 0 | union of 3 parallel hyperplanes
V paranormal Q'K =0 polytope x subspaces
V=-1 Q'K =1 single cluster at origin

TABLE 1: Clustering taxonomy for rescaled dynamics (except last row).

Interesting: last row <+ heat equation, for Sinkhorn attention [Agarwal et al. 2024].

V paranormal <= 3F,G C R? with F$ G =R, VF=F, VG =G, V|p = AL,
p(V|g) < X (p = spectral radius). Also, @1 € ker(V — Apax (V) 1).
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Fic. 5: Clustering means that leaders (=“leading” tokens) emerge, that capture attention of all

tokens (except one) & carry the largest amount of information (“context awareness”).
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EMPIRICAL RESULTS BEYOND THE STATED ASSUMPTIONS

e empirically also for non-PSD Q7 K, clustering occurs as outlined above (depending

on structure of V).
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EMPIRICAL RESULTS BEYOND THE STATED ASSUMPTIONS

e empirically also for non-PSD Q7 K, clustering occurs as outlined above (depending

on structure of V).

e empirically, adding a 2-layer MLP (o € {tanh, ReLU}, W € R%*9) ~» same clustering

(e ((QeV () KeV 2 (1) 5(t) - =
<Z (Ze exp <Qetsz-<t>KetVze<t>>>) Vi) =) )
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EMPIRICAL RESULTS BEYOND THE STATED ASSUMPTIONS

e empirically also for non-PSD Q7 K, clustering occurs as outlined above (depending

on structure of V).

e empirically, adding a 2-layer MLP (o € {tanh, ReLU}, W € R%*9) ~» same clustering

A Y (A0 G0N () -z
o =wa( 3 ) 0=+

j=1 Z?:l eXp ((Qetvzi (t)KetVZZ(t

e Conjecture: convergence to one of three parallel subspaces of R? of codimension k,

where k is the number of eigenvalues with positive real part.
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PLOTS: REINCORPORATING THE MLP

t=00 t=20.0
t=400 = 1000
10 10 2
\ A 5
\\W 15 \ 190
5 5 \
“. e / 10 . 100
S . . J A
0 . o ' (— = - 50
. /‘ 0 T
5 St ° 5 I 5 0
50 5 0 50 510 0 10 % L
t=0.0 t=10 t=5.0 t=10.0
.
ee % 1
° .
2 ° 2
o
o e ° 0
-2 o o o -2
o o
el LI 1
5 0 5 5 ] 5 5 0 5 5 0 5
t=0.0 t=0.1 t=15.0 t=10.0
et e, .
o ° o PN
0 S e 0
. o' 4o
2 c s 2
4 ° ‘ 4
° e
o
5 0 5 5

to in

Fic. 6: Top: 0 = ReLU, W =1, middle: o

Mode collapse

and met




Let A= KTQ.
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Let A:= KTQ. For pg ~ N(ap, Xo) we have 1y ~ N (o, $4)
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CLLTSTERING FOR GAUSSIAN INITIAL DATA [CasTIN ET AL. 2025]

Let A:= KTQ. For pg ~ N(ag, o) we have u; ~ N(ay, $¢) with

¥ =28ym(VEAY), a=V(I+ZA)ay
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Let A:= KTQ. For pg ~ N(ag, o) we have u; ~ N(ay, $¢) with
¥ =28ym(VEAY), a=V(I+ZA)ay
For @, K,V constant in time, the covariance equation has the following properties:

e Limiting points have low rank (under commutativity assumptions)
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Let A:= KTQ. For pg ~ N(ag, o) we have u; ~ N(ay, $¢) with
¥ =28ym(VEAY), a=V(I+ZA)ay
For @, K,V constant in time, the covariance equation has the following properties:

e Limiting points have low rank (under commutativity assumptions)
e Rank 1 is preserved

e Stationary points have rank 1 if V =Tand A= AT.
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(a) Conv. to (b) Conv. to  (c¢) Conv. to  (d) Conv. to
ZEero a line a plane two lines

v

Fic. 7: (a) V random, A + AT <0, (b) V =1, A+ AT <0 of rank 1, (c) multi-head, V = Iy,
A+ AT <0 of rank 1 (d) A,V chosen specifically to obtain this pattern.

a+b

‘&!}.

§

2¢

a—-b
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WHY DO THESE RESULTS LOOK SO DIFFERENT?

But papers consider infinitely deep transformers and study lim; o ;(t).

Viktor Stein Mode collapse and metastability in Transformers 15.09.2025



WHY DO THESE RESULTS LOOK SO DIFFERENT?

But papers consider infinitely deep transformers and study lim; o ;(t).

e No spatial rescaling in [Castin et al. 2025], but also treats transformers without weight

sharing.
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WHY DO THESE RESULTS LOOK SO DIFFERENT?

But papers consider infinitely deep transformers and study lim; o ;(t).

e No spatial rescaling in [Castin et al. 2025], but also treats transformers without weight

sharing.

e does finite particle clustering “survive” in the mean field limit?
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Thank you for your attention!
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