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The aim and plan of this semester is the study of discrete / discretized topological objects
and their algorithmic processing. Some objects might be given to us in a discrete way (e.g.
through combinatorial problems), sometimes we have to discretise surfaces.

Example .0.1 (Discretizing surfaces)

One discretisation of the round sphere S? := {z € R® : |z], = 1} (this is an algebraic, not a
topological description) is the tetrahedron, which is a discretized surface. This discretisation

yields a homeomorphism. Its inverse can be described using a radial projection.

Using this discretisation we can compute EULER characteristic of S:

X(S?) = #vertices — #edges + #edges =4 — 6 + 4 = 2. o

Analogously, the EULER characteristic of the cube is 8 — 12 + 6 = 2.

Example .0.2 (Network design)

Given some sensor network (e.g. smoke detectors, tsunami buoys, or an intrusion detection
system), how "good" is the network?

C\—) . . . . (7) ‘. * L
* - ’ .. o
- ' . o e & . . ..
e,w,u%) P[Z.UO( SenSovS mcbword with o ‘hol

Fig. 1: Two very different network designs.

How can we detect "holes" in the network to place extra sensors? Visually, we can imme-
diately detect the hole, but mathematically, this is not so easy. A mathematical procedure
would be to place around each sensor a disk of fixed small radius. If the disks intersect,
we connect the sensors to form a graph, from which we can extract more mathematical

information. o
This can be generalised: given some (finite) data set S < R",

@ associate to S a topological space K(S) (e.g. a simplicial or cubical complex),

@) compute (meaningful, computable) topological invariants I(K(S)) (e.g. algebraic ones
like (the fundamental group or) (persistent) homology or other ones like the EULER
characteristic) of K(S5),

@) use the results of ) for the further analysis / understanding / interpretation of the

S, e.g. via visualizations.

i @ 1. (S)

>
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Fig. 2: For the third step experience is helpful.
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Example .0.3 (Genome data for cancer research)
There are gene libraries available on the internet, the aim of the topological data scientist
being to find correlations, e.g. "if there are defects at genes A and B, then there is an

increased chance to develop a certain cancer". o

Example .0.4 (Image processing)
The data S can originate from a 2D or 3D scan, e.g. because a hand was placed on a scanner.

Aiming to reduce noise, we first have to distinguish between features and noise.

One approach is to thicken contour lines by some ¢ > 0 so that small holes disappear. A
more sophisticated method is to compute the k-dimensional homology groups for different
choice of ¢, along us to detect holes that go away quickly (noise) and holes that persist

(features).

Persistent homology can also be applied e.g. in for sensor networks (cf. above), genome

data, finance data or porosity of materials. o

Back to the discretisation of spaces / topological objects. The torus T2 can be discretised
as a CW complex (one square with pairwise identified edges), a A complex (consisting of

simplices) or as a finite simplicial complex.

Can every topological object be decomposed (nicely) into finitely many pieces, that can be

handles on a computer? No, this doesn’t even hold for compact manifolds.

THEOREM .0.1: RAapo (1925) | ], MoistE (1952) |

Every compact surface and every compact 3-manifold can be triangulated by a finite

abstract simplicial complex.

THEOREM .0.2: FREEDMAN (1982) | |, PERELMAN (2003) |

There are compact 4-manifolds that cannot be triangulated.

The following theorem is the disproof of the "triangulation conjecture".

THEOREM .0.3: MANOLESCU (2013) |

For every d > 5, there are compact d-manifolds that cannot be triangulated.

[pics missing

[pics missing




PART [: DISCRETE TOPOLOGY

The aim of this part is the study of discretizations of topological spaces.

Example 1.0.1 (Common objects in topology)
Common objects in topology are the circle S, the 2-dimensional sphere S? ("2-sphere"), or,
more generally, the d-sphere S?. Other common objects include the (2-)(dimensional) torus
T2 = S' x S, the d-torus

T = (SH*d =8 x ... xSt

d times

and orientable surfaces of higher genus (double, triple, ... torus) and non-orientable surfaces
like RP?, which is obtained by identifying antipodal points on S?, and the KLEIN bottle.
Lastly, there are general compact spaces, the EUCLIDEAN plane E? and higher-dimensional
manifolds with or without boundary.

[TODO: lots of pictures] o



1.1 METRIC AND TOPOLOGICAL SPACES

Metric and topological spaces
Recall from you calculus or topology class:

DEFINITION I.1.1 (METRIC SPACE)
Let X be a set. A map d: X x X — Ry is a metric if

@ d(z,y) = 0 if and only if z = y, (positive definite)
@ d(z,y) = d(y, »), (symmetry)
® d(z,z) < d(z,y) + d(y, z) (triangle inequality)

for all z,y,z € X. The pair (X,d) is a metric space.

Example 1.1.2 On X = R" there is the EUCLIDEAN metric

dE (III, y) =

M (@ —y)? =z =gz —yy = |z —yls

k=1

induced by the standard EUCLIDEAN norm | - ||5.

DEFINITION 1.1.3 (EUCLIDEAN SPACE)
The metric space E" := (R",dg) is the EUCLIDEAN n-space.

In the following, let (X, d) be a metric space.

DEFINITION I.1.4 (OPEN DISC / BALL)

For z € X and r > 0, the open ball with center z and radius r is

B (z) = {ye X : d(z,y) <r}.

DEFINITION I.1.5 (OPEN SET)

A subset O c X is open if for every z € O there is a r > 0 such that B,.(z) c O.

THEOREM 1.1.1: OPEN BALL IS OPEN

An open ball is open.

Example 1.1.6 (Open sets in IEl) The open sets in E* are @, E! and unions and finite

intersections of open intervals.

THEOREM 1.1.2: PROPERTIES OF OPEN SETS

@ Uies Oi is open for any index set I if each O;, i € I, is open.

@ ﬂie[ O; is open for any finite index set I if each O;, i € I, is open.
@ &, X are open.

&

Fig. 3: An open ball
with radius r and cen-
ter z and a y € B, ().

ﬁ.m@ o x

Fig. 4: An open set
O c X and z € O with
B(z) c O.



I.1 METRIC AND TOPOLOGICAL SPACES

Proof. @ Left as an exercise.

@ Let O = ();_; O;, where each Oy < X is open, and @ € O. Then for every k €
{1,...,n}, there exist a r, > 0 such that B, (z) < O;. Let 7 := min(ry,...,ry) > 0.
Then B, (z) < O.

@) Left as an exercise. O

Example 1.1.7 The intersection of infinitely many open sets need not be open: for z € E,

ﬁ (m—;x—ki) ~ {2}

is not open. o
Next, we generalise metric spaces by only requiring the properties from theorem 1.1.2.

DEFINITION 1.1.8 (TOPOLOGY, TOPOLOGICAL SPACE; OPEN, CLOSED SET)
Let X be a set. A collection O < 2% of subsets of X is a topology on X if

@ o,Xe0,
@ U,; Oi € O for a index set I and (O;)ier < O,
3 ey Oi € O for a finite index set I and (O;);er < O.

A subset O € O is open and its complement X\ O is closed. The pair (X, Q) is a topological

space.

Example 1.1.9 (Topology) Let X be a set. Then O = {J, X} is the indiscrete topology
on X and O := 2% is the discrete topology on X. o

Now we turn to the morphisms in the category of topological spaces: continuous maps.
In Analysis (when considering metric spaces), one has the -0 and the sequential definition

(which are equivalent), but here we use a different one not relying on a metric.

DEFINITION 1.1.10 (CONTINUOUS MAP)
Let (X, Ox) and (Y, Oy) be topological spaces. Amap f: X — Y is continuous if f~1(0) €

Ox for every O € Oy, that is, if preimages of open sets are open.

Example 1.1.11 The identity map id: (X, {&, X}) — (X,2%) is not continuous, whereas
id: (X,2%) — (X, {7, X}) is continuous. o

Remark 1.1.12 (Notation) For a topological space (X, O) we often simply write X if O

is clear. o

DEFINITION 1.1.13 (HOMEOMORPHISM)
Let X and Y be topological spaces. A bijective map f: X — Y is a homeomorphism if f

and f~! are continuous. Then X and Y are homeomorphic and we write X =~ Y.

DEFINITION 1.1.14 (NEIGHBOURHOOD)
Let (X, O) be a topological space and z € X. A subset N < X is a neighbourhood of x if
there is an O € O with x € O < N.

26.04.2022



I.1 METRIC AND TOPOLOGICAL SPACES

Being HAUSDORFF is a particular separation property.

DEFINITION 1.1.15 (HAUSDORFF)
A topological space is HAUSDORFF if for any two points z,y € X there are open nonempty
disjoint neighbourhoods U, of x and U, of y.

DEFINITION 1.1.16 (COMPACT, OPEN COVER, SUBCOVER)
A topological space (X, ) is compact if every open cover of X has a finite subcover, that
is, for every (O;)ier = O with X = | J..; O; there is a finite subfamily J < I such that

X = UjeJ Oj'

el

DEFINITION 1.1.17 (BASE)
Let B be a collection of open sets in a topological space (X, Q). If each open set in X is

the union of open sets in B, then B is a base of O on X.

Example 1.1.18 (Base for E™) The collection of open balls B, (z) in E" is a base for the
EUCLIDEAN topology E™. o

DEFINITION 1.1.19 (SECOND COUNTABLE)

A topological space is second countable if it has a countable base.

Example 1.1.20 ((Not) second countable)
The line E! is second countable since we can take as a base all open intervals with rational

endpoints.

If we paste together countably many copies of the half open unit interval (0, 1], we obtain a

space still homeomorphic to a half line with countable base.

Glueing together uncountable many copies yields a space that is not second countable. ¢

DEFINITION 1.1.21 (SUBSPACE TOPOLOGY)
Let Y < (X, O) be a subset. Then

Oy ={0OnY :0€e 0}

is the subspace topology on Y induced by the topology on X.

Fig. 5: A neighbour-
hood N of a point x €
X and an open set O
N containing x.

HAUSDORFF

)

base

second countable

subspace topology



1.2 SIMPLICIAL COMPLEXES

Simplicial complexes

Let V := {vg,...,vx} < E" be a set of k + 1 vertices.

DEFINITION I.2.1 (AFFINE HULL)
The affine hull of V is

k k
aff(V) == {Z AjUj Z Aj =1, ()\j)?:O c R} .
3=0 j=0

Remark 1.2.2 The affine hull of V' is an affine subspace of E", that is, the solution set of a

system of dim(aff(1")) not necessarily homogeneous linear equations with k + 1 variables. o

DEFINITION 1.2.3 (DIMENSION OF AFFINE HULL)
If £ > 1, then the dimension of the affine hull is

dim(aff(V)) := dim(span({vy — v, v2 — vg, ...,k — Vo})) < k.

The dimension of aff ({vo}) = {vo} is zero.

Exercise: Prove the independence of the point vg.

DEFINITION 1.2.4 (AFFINE INDEPENDENCE)
The set V is affinely independent if aff(W) C aff(V') for any W C V.

DEFINITION 1.2.5 (GENERAL POSITION)
The set V is in general position if no r € {2,...,n + 1} points lie in an (r — 2)-dimensional

affine subspace.

A\ e

>

Fig. 7: The points on the left are not in general position, as the r = 3 < 2 + 1 points vg, v1
and vz lie in an 3 — 2 = I-dimensional affine subspace - a line - while the ones on the right
are in general position, as no r = 2 resp. r = 3 points lie in an zero- resp. one-dimensional

affine subspace.

DEFINITION 1.2.6 (CONVEX HULL)
The convex hull of V is

k k
conv(V) = {Z Ao > A =1, 4>0Vje {0,...71{}}.
§=0 §=0

26.04.2022

2,

Ve

Fig. 6: The affine hull
of two points vg,v1 €
E? is the line in [EZ2
through them and the
affine hull of the three
vertices of a triangle in
the plane is the whole

plane.

the dimension of

aff (@) = & is —17

general position

convex hull



1.2 SIMPLICIAL COMPLEXES

Remark 1.2.7 (Since V is compact and E" is finite-dimensional,) conv(V') is the compact

solution set of a system of not necessarily homogeneous linear inequalities. o

Example 1.2.8 Consider a square as in figure 8, which is the convex hull of the points
(1,1), (-1,1), (1,—-1) and (—1,—1). It can also be described by the linear inequalities

(z1,—21,29, —x2) < 1 (to be understood componentwise), which yield a dual description. ¢
Remark 1.2.9 (Since V is finite, ) the set conv(V) is called a (convex) polytope. o
Generally, one can not assign (consistently) a dimension to arbitrary topological spaces.
DEFINITION 1.2.10 (DIMENSION OF conv(V))

Let @ # W < V be affinely independent. If W is of maximal cardinality with this property,

then
dim(conv(V)) = dim(aff (W))

is the dimension of conv (V). Lastly, dim(conv(g)) = —1.

Exercise: Prove the independence of this notion from the choice of W. Is setting the
dimension of ¢ to be —1 consistent with the other part of the definition?

Example 1.2.11 (Dimension of the square) Consider the subset W of the vertex set of
the square in figure 9. Then W has maximal cardinality with respect to being a affinely
independent vertex subset, so the cube conv({(%1, £1), (1, F1)}) has dimension equal to

dim (span ({(—1,1) — (=1, -1),(1,1) — (-=1,-1)})) = dim (span ((0,2), (2,2))) =2.

DEFINITION 1.2.12 (k-SIMPLEX)
If V= {vg,...,vg} is affinely independent and k < n, then conv(V) is a k-(dimensional)

simplex.

Fig. 10: Examples of k-simplices for k € {0, 1,2}. A 3-simplex is a tetrahedron.

DEFINITION 1.2.13 (FACE)
Let o := conv(V) be a simplex. For a subset W < V, 7 := conv(W) is a simplex, called a

face of o and we write 7 < 0.

Exercise. Prove that < is reflexive, antisymmetric and transitive.

Example 1.2.14 (Faces of a 2-simplex) For three affinely independent points vg,v1, va
consider the planar triangle (a 2-simplex) o = conv(vg, v1,v2) = conv({vy,v1,v2}). It has
the faces

® O,

e conv(vg, v1), conv(vg, va), conv(vy, va) (the edges),

LI N

al
-1 // 1>
/ >y

Lguet]

Fig. 8: The unit square
can be interpreted as
the convex hull of four
points or as the solu-
tion of a system of four

inequalities.

/

Fig. 9: The unit square
and a maximal subset
of its vertices, W, in

general position.

doesn’t the affine in-
dependence imply
that k£ < n?

face



1.2 SIMPLICIAL COMPLEXES

e conv(vg), conv(vy), conv(vy) (the vertices),

o conv(d) = . o

DEFINITION 1.2.15 (PROPER FACE)
A face 7 < o is proper if dim(7) < dim(o).

Beware that in some texts, ¢ is not considered to be a face (due to reasons involving reduced
homology).

DEFINITION 1.2.16 (STANDARD (n — 1)-SIMPLEX)
Then standard (n — 1)-simplex in E" is A,,_1 = conv(ey,...,e,), where e; € E" is the

k-th unit vector.

Using A, instead of an arbitrary n-simplex can make constructions simpler.

1.2.1 [ Geometric simplicial complexes

DEFINITION 1.2.17 ((FINITE) GEOMETRIC SIMPLICIAL COMPLEX)
A (finite) geometric simplicial complex (GSC) % is a (finite) collection of (geometric)

simplices in some E™ such that
@ ifoe A and 7 < o, then 7 € £,
@) ifo, 7€ X, then (6 n7) <7and (6 N T) < 0.

We will explain geometric simplices later. For now it suffices to know that k-simplices are

geometric simplices for any k € Nj.

Vi

Vo )

Fig. 12: The object of the left is a GSC, whereas all others are not, the second violating
the first condition(???) and the two on the right both violating the second condition. For
the rightmost one: intersecting the single vertex an the triangle yields that vertex, which
is not a face of the triangle. The one left to it is similar, as there are line segments on the

boundary of a triangle that are not faces of that triangle.

We want to make a (geometric) simplicial complex into a topological space.

DEFINITION 1.2.18 (POLYHEDRON)

The polyhedron of a geometric simplicial complex J£ is

| 2| = Ua.

oceX

Remark 1.2.19 (Other definitions of polyhedra in other fields)
In polytope theory, polyhedra are finite intersections of half-spaces and are convex. o

o E> E*
ﬁ;

3 <, - >
Fig. 11: The stan-

dard k-simplex for k €
{1,2}.

geometric

simplicial complex

(when? )

polyhedron



1.2 SIMPLICIAL COMPLEXES

DEFINITION 1.2.20 (TOPOLOGY ON POLYHEDRA)
We equip a polyhedron |2 | ¢ E™ (as a set) with the subspace topology inherited from
E"™.

Remark 1.2.21 For a finite GSC, the inherited topology is "unique", that is, independent
of the dimension of the ambient EUCLIDEAN space. o
Remark 1.2.22 The topology on | .#"| is induced by the base of open balls in E™. o

1.2.2 | Abstract simplicial complexes

To store a GSC on a computer, we can store the coordinates of the vertex set V and the list

(or: collection) of the (maximal) faces, cf remark 1.2.47.

In a way, abstract simplicial complexes are GSCs where we forgot the coordinates.

DEFINITION 1.2.23 (ABSTRACT SIMPLICIAL COMPLEX, SIMPLEX, FACE)

An (finite) abstract simplicial complex (ASC for short) K = 2" on a (finite) vertex set V
is such that if 0 € K and 7 < o, then 7 € K. The elements ¢ € K (with finite cardinality)
are called simplices or faces of K. The dimension of o0 € K is #0 — 1 and the dimension

d e Nu{+w} of K is the maximum dimension of its facets (we then say K is a d-complex).

DEFINITION 1.2.24 (SUBCOMPLEX)
Let L and K be abstract simplicial complexes with L € K. Then L is a subcomplex of K.

Remark 1.2.25 (ASC underlying GSC) In this set-theoretic / combinatorial setting,
the second condition for GSCs is always fulfilled, as the intersection of two finite sets is
always a subset of both of them. Hence if we have a GSC ', then the set of its faces

(replacing actual coordinates by abstract vertex names) form an ASC K, its underlying

ASC. o
Remark 1.2.26 We write V(K) for the vertex set of K. We often choose the vertex set
Vie={1,...,k}. o

Example 1.2.27 (Abstract simplicial complex) Consider the ASC

K = {@,{1},{2}, {3}, {4}, {1, 3}, {1,4}, {2,3}, {2,4}} o

on the vertex set V := {1,...,4}. How can we realise (cf. later) K in R*?

0y & 4
“a 3 2 3 2
Fig. 16: The realisation on the left is bad because of the intersection of {2,3} and {1, 4},
while the other two realisations are without intersection.

10

unbounded ones.
Fig. 14: Uniqueness of
topology on polyhedra.

‘Why not for infinite
ones, too?

1)

O b w1

Fig. 15: An open set
in the polyhedron is
its intersection with an
open ball in the ambi-
ent EUCLIDEAN space.
abstract simplicial

complex

subcomplex



.2 SIMPLICIAL COMPLEXES

Example 1.2.28 (Knots) The subdivided unknot (the circle) and the subdivided trefoil
knot (dt.: Kleeblattschlinge) are isomorphic as simplicial complexes (provided the number
of subdivision points is equal), homeomorphic as polyhedra, but their complements in E3

are not homeomorphic. o

DEFINITION 1.2.29 (SIMPLICIAL MAP)
Let K and L be (abstract) simplicial complexes with vertex sets V(K) and V(L). A map

p: V(K)— V(L)

is a simplicial map if for all o € K we have ¢(0) € L, where ¢(o) == {@(vy,),...,o(vi;)}
for o = {vil, . ,vij} (or o = conv {vil, . ,vij} in the case of GSCs).

Remark 1.2.30 Simplicial maps preserve simplices. The map ¢ on the faces of K is induced

by the vertex map . o

Example 1.2.31 Consider the two (geometric realisations of abstract) simplicial complexes
in figure 17. The map V(K) — V(L), vy, — wvg, k € {1,2,3} is simplicial, while V(L) —
V(K), vi — v, k € {1,3} is not simplicial, as the edge {vi,v3} of L is not mapped to a
simplex in K.

DEFINITION 1.2.32 (COMBINATORIAL / SIMPLICIAL ISOMORPHISM)
Two simplicial complexes K and L are combinatorially isomorphic if there is a bijective
simplicial map : V(K) — V(L) such that ¢~ is also simplicial.

1

Counterexample 1.2.33 (¢ simplicial bijection, but ¢! not simplicial)

Consider the simplicial complexes K and L in figure 18 Then ¢: V(K) — V(L), vy — vy, is
1

a bijective simplicial map, but ¢~ is not simplicial. o

Remark 1.2.34 (Graphs as simplicial complexes) Combinatorial isomorphisms are gen-

eralisations of graph isomorphisms (cf. e.g. CoMa), since graphs can be thought of as one-
dimensional simplicial complexes. Graph isomorphy is hard to test theoretically, but works

pretty fast in practice. Hard instances are regular graphs, while easy ones are trees. o

Geometric realisations

DEFINITION 1.2.35 (GEOMETRIC REALISATION OF AN ASC)
An ASC K has a GSC # as a geometric realisation, if K and the underlying ASC of ¢

are combinatorially isomorphic.

As the next lemma shows, every ASC can be embedded (that is, realised geometrically) in
a very high-dimensional space. One the other hand, deciding the lowest possible dimension

it can embedded in is an NP-hard problem.

Lemma 1.2.36

Every finite ASC has a realisation as a GSC.

This is also possible for ASCs with infinite vertex set, but more complicated.

Proof. Let K be an ASC with V(K) = {v1,...,vx}. Define J# to be the GSC in E* (with
., ex) such that " is a subcomplex of Ag_1, where conv(e;,, ... ,eij) is a face
., v, } is a face of K. ]

vertices ey, ..
of % whenever {v;,, ..

11

w
sg;d T d
E\O # E\D

What does the knot
example tell us?

simplicial ma
p p

K ve L

A s

Vi Va

Fig. 17: Geometric re-
alisation of K and L.

combinatorially

isomorphic

LA

Vi Vi

K v/vl\%

Fig. 18: Geometric re-
alisation of K and L.



1.2 SIMPLICIAL COMPLEXES

1.2.3 | Triangulations of spaces

DEFINITION 1.2.37 (POLYHEDRON OF AN ASC)
The polyhedron of an ASC K is polyhedron

|K| =[] = |p(K)]

for a combinatorial isomorphism ¢: K — % < Ap_;.

Exercise: Prove that the polyhedron is independent of JZ resp. ¢.

DEFINITION 1.2.38 (TRIANGULATION)
An ASC K is a triangulation of a topological space X or: K triangulates X, if |[K| ~ X. triangulation

Fig. 19: The torus 72 as a topological space, an ASC triangulating it and one of its geometric

realisation in E3.

Infinite simplicial complexes
03.05.2022

Remark 1.2.39 Not every topological space can be triangulated by a (finite) ASC, for

example there are compact d-manifolds for any d > 4 that cannot be triangulated by theo-
rem .0.2 and theorem .0.3. o % =

We can generalise finite ASCs in order to triangulate non-compact spaces. For example, the

plane E? can be triangulated like in figure 20 using a finite description. Fig. 20: A section of
an infinite triangula-
tion (more specifically:
12 a tiling or tessellation)
of E2.



.2 SIMPLICIAL COMPLEXES

DEFINITION 1.2.40 (FINITE-DIMENSIONAL, LOCALLY FINITE, INFINITE SC)
An infinite ASC K is

e of finite dimension if the dimension of the simplices of K is bounded.
e locally finite if every vertex of K is contained in finitely many simplices.

Counterexample 1.2.41 (Infinite simplicial complexes)

Figure 20 shows a realisation of a locally finite, infinite two-dimensional simplicial complex
of finite dimension. On the other hand, glueing a 2-simplex to a 1-simplex, then a 3-simplex
to that 2-simplex at a different vertex and so on, we get an infinite, locally finite simplicial
complex of unbounded dimension. If we instead use the same vertex, the complex is not
even locally finite anymore. o
Remark 1.2.42 All infinite simplicial complexes we consider are locally finite and of finite

dimension. o

Facet description of simplicial complexes

DEFINITION 1.2.43 (FACET)
A face o of a geometric or abstract simplicial complex K is a facet of K if it is the unique

face of the complex it is contained in.

Remark 1.2.44 Facets are faces that are maximal with respect to inclusion. o

Remark 1.2.45 As we can see in figure 22, facets can be of different dimension. o

DEFINITION 1.2.46 (PURE SIMPLICIAL COMPLEX)
A geometric or abstract simplicial complex K is pure if the facets of K are all of the same

dimension.

Remark 1.2.47 (Facet description) The list of facets of a geometric or abstract simpli-
cial complex contains all the information about it. Thus its facet description is a condensed

format useful for storing it on a computer. o
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Fig. 21: An infinite,
locally finite simplicial

complex of unbounded

dimension.
facet
2
M ¢
b 3 s

Fig. 22: This simplicial
complex has the facets
{1,2,3}, {3,4}, {4,5}
and {5, 6}.

pure



1.3 REALISABILITY

Realisability

DEFINITION 1.3.1 (INTERIOR, BOUNDARY)
Let X < E" be a subset.

e A point z € X is an interior point of X if there is an open ball Br(a:) centered at x

that is fully contained in X.

e A point z € X (or X) is a boundary point of X if z ¢ X , where X is the closure of
X.

The interior of X, X , is the set of all interior points of X and its boundary, 0X, is the set
of all boundary points of X.

v X
o X

DEFINITION 1.3.2 (HYPERPLANE)
A hyperplane is an (n — 1)-dimensional affine subspace of E".

DEFINITION 1.3.3 (SUPPORTING HYPERPLANE)
Let X ¢ E™. A hyperplane H is supporting X if H bounds a half-space of E"™ that contains

X.

DEFINITION 1.3.4 (FACE, FACET, BOUNDARY COMPLEX OF A POLYTOPE)

An n-polytope P < E™ is the convex hull of finitely many points.
e A face of P is the intersection of P with a supporting hyperplane H.
e A facet of P is an (n — 1)-dimensional face.

e The boundary complex dP is the collection/union (this is different, but it is often

clear from context which one is meant) of faces of P.

Gy G <o
g ates egZpt &

(T

Fig. 24: An edge, a vertex and the empty face can all be obtained as intersection of the

planar polytope P with a supporting hyperplane H.
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Fig. 23: A supporting
hyperplane H for a set
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1.3 REALISABILITY

DEFINITION 1.3.5 (SIMPLICIAL / CUBICAL POLYTOPE)
A polytope is

e simplicial if all of its faces are k-simplices for varying k € A

e cubical if all of its faces are cubes (of varying dimension), which are simplicial com-
plexes, that are combinatorially isomorphic to the standard cube (having as vertices
the vectors with entries from 0 and 1).

Example 1.3.6 (Simplicial and cubical polytopes)

Polygons (that is, 2-polytopes) are both simplicial and cubical be cause its faces are ¢,
its vertices and its edges, which are k-simplices and k-cubes for k € {0, 1}, respectively. A
tetrahedron is simplicial and not cubical, because its triangular faces are 2-simplices, but
not k-cubes for any k € N. o

DEFINITION 1.3.7 (SCHLEGEL DIAGRAM)
A SCHLEGEL diagram of a polytope P is the projection of P onto one of its facets through
a point that lies just outside the facet.

Remark 1.3.8 The expression "just outside of the facet" above can be interpreted as:
choose as the projection point any point outside of the polytope but still inside the inter-
section of all halfspaces that arise from the supporting hyperplanes of all facets bordering
the facet that you project onto. o

Example 1.3.9 (SCHLEGEL diagram)
The SCHLEGEL diagram of a two-polytope is a subdivided line segment.

2
o ~

Fig. 26: The SCHLEGEL diagram of an octahedron, which is a simplicial 3-polytope.

Remark 1.3.10 Let P be a simplicial 3-polytope, then
e (0P is a simplicial complex triangulating S2,

e any SCHLEGEL diagram of P along with the projection facet is combinatorially iso-
morphic 0P (as an ASC). o

THEOREM I1.3.1: STEINITZ (1916) |

Every ASC triangulating S? can be realised as the boundary complex 0P of a sim-

plicial 3-polytope.

Any triangulation of S' into line segments is the boundary of a simplicial 2-polytope. But

this theorem does not remain true in higher dimensions.
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simplicial

cubical

SCHLEGEL diagram

Fig. 25: The SCHLEGEL
diagram of a four-
dimensional cube. One
facet of such a cube
is a three-dimensional
cube (the larger one)
and the smaller cube is
the opposite facet.



1.3 REALISABILITY

DEFINITION 1.3.11 (POLYTOPAL TRIANGULATION)
A triangulation K of S™ is polytopal if K can be realised as the boundary complex 0P of
a simplicial (n + 1)-polytope.

ALTSCHULER combinatorially enumerated triangulations of S3.

THEOREM I1.3.2: BOKOWSKI, GARMS (1987) |

ALTSCHULER’s 3-sphere M 9 with ten vertices is not polytopal.

Corollary 1.3.12
For n = 3 there are non-polytopal triangulations of S™.

It is NP-hard to decide whether a triangulation of S™ for n > 3 is polytopal.

Proof. Use matroid theory to reduce this problem to the boolean satisfiability problem
3-SAT. O

Remark 1.3.13 (Realising graphs in R? or R?’) Every one-dimensional simplicial com-
plex (graph) can be realised geometrically in R3. The graphs containing K5 or K33 as a
minor are exactly the non-planar graphs, that is, the ones that cannot be realised geomet-

rically in R2.
Testing planarity has linear running time in the number of vertices of the graph.

The reason for a non-planar graph to be not realisable in R? is that non-planar graphs
are not embeddable in R? (this is stronger!). Thus non-embeddability is an obstruction to

realisability. o

DEFINITION 1.3.14 (EMBEDDING)

Let X and Y be topological spaces. An injective continuous map f: X — Y is an em-
bedding if f is a homeomorphism between X and f(X) < Y, where the latter is equipped
with the subspace topology.

THEOREM 1.3.4: WHITNEY EMBEDDING THEOREM (1936) |

A smooth d-manifold can be smoothly embedded in R??.

Remark 1.3.15 (Sharpness of the bound) The real projective space RP? cannot be em-
bedded in R**~1 if d = 2% for k € N. For example, for d = 1, RP* ~ S! cannot be embedded
in R*'~! = R. o

By restricting the class of manifolds under consideration, one can obtain improved results.

THEOREM 1.3.5: | | FOr d > 4, WALL (1965) | | For d =3

A smooth d-manifold with d # 2% can be smoothly embedded in R??~1.

16
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1.3 REALISABILITY

THEOREM 1.3.6: HAEFLIGER, HIRSCH (1963) |

A compact orientable (smooth) d-manifold can be embedded in R241

Example 1.3.16 (Embeddability of standard surfaces) Compact orientable surfaces
(e.g. T?, S?) can be embedded in R?, whereas compact non-orientable surfaces (e.g. KLEIN
bottle) can only be embedded in R*. Clearly, S* embeds in R¥*1. o

It is notoriously hard to determine the smallest dimension a d-manifold M embeds in.

Back to simplicial complexes

The following theorem improves upon theorem [.3.1.

THEOREM 1.3.7: ARCHDEACON ET AL. (2007) |

Every triangulation of T2 can be geometrically realised in R3.

This settled a conjecture by DUKE / GRUNBAUM from 1970 / 1973.

THEOREM 1.3.8: BREHM, SCHILD (1995) |

Every triangulation of RP? can be geometrically realised in R*.

THEOREM 1.3.9: BOKOWSKI, GUEDES DE OLIVEIRA (2000) |

There is a 12-vertex (vertex-minimal by theorem 1.6.3) triangulation of the orientable

surface of genus 6 that is not realisable in R3.

The proof required 10 CPU years and makes use of oriented matroids (and thus computing
determinants). Nowadays there is a 3-SAT formulation, which can be checked in half an

hour.

THEOREM 1.3.10: SCHEWE (2007) |

For every orientable surface of genus g > 5, there is a triangulation that is not

realisable in R3.

Open problem: Can every triangulation of an orientable surface of genus g € {2,3,4} be

realised in R3?
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1.4

1.4 MANIFOLDS AND TRIANGULATIONS

Manifolds and Triangulations

Generally speaking, manifolds are topological spaces that locally look like EUCLIDEAN space.
Physicists would say: the space is homogeneous - wherever we are, space looks the same for

us.

DEFINITION 1.4.1 (TOPOLOGICAL d-MANIFOLD)
A topological space M is a d-dimensional (topological) manifold if M is HAUSDORFF and  manifold
second countable and if for every z € M there is an open neighbourhood U, of x such that

U, is homeomorphic to an open d-ball in E%.

M* E*
> i

ity o=
Counterexample 1.4.2 (non-HAUSDORFF but locally = to a subset of E')
Let X be a set consisting of three rays, two closed and one open:

A

As a basis for X we take all open intervals on the three rays plus open "intervals" that
connect the left rays with the right ray. Then X locally looks like R, but @ and b cannot
be separated by disjoint open sets and thus X is not HAUSDORFF. o
Remark 1.4.3 Second countable not necessarily HAUSDORFF manifolds can be embedded
in finite dimensional EUCLIDEAN space. o

I.4.1 | Combinatorial properties of triangulated

manifolds

Recall that by theorem .0.1, every compact surface is triangulable. We want to rule out
undesirable (that is, non-surface-like) behaviour of simplicial complexes by assuming certain

requirements.

18



1.4 MANIFOLDS AND TRIANGULATIONS

Example 1.4.4 (Simplicial complexes that do not triangulate manifolds)
The simplicial complex on the left is of mixed dimension and the one on the right is not

everywhere locally homeomorphic to R*.

First requirement. Any ASC triangulating a (compact) manifold needs to be pure.

Some part of a triangulation K of a surface hence will look like this: 10.05.2022

Fig. 27: A part of a triangulation K of a surface and the three different position of a point
x € |K].

Every point z € | K| has a neighbourhood homeomorphic to an open disc B2 In particular,
x can lie (D) in the interior of a triangle, (2) on an edge or is @) a vertex. Let us see what

needs to be fulfilled in each three cases for this to happen.
@ Interior points of triangles have small discs around them.

@ For a point on an edge every incident triangle contributes a half-disc:

G

Fig. 28: The left picture resembles the case that the neighbourhood is locally homeomorphic
to R?, whereas on the right, this is not the case.

Second requirement. Every edge in an ASC triangulating a (compact) manifold needs

to be contained in exactly two triangles.

@) For a vertex z, the incident triangles have to form a disc:

19



1.4 MANIFOLDS AND TRIANGULATIONS

DEFINITION 1.4.5 (OPEN, CLOSED STAR, LINK)

Let o be a face of K. The open star of o in K is open star
star(o) == {re K : 0 c 7},
the closed star of o in K is closed star
star(o) = {re K:o0uT€e K},
the link of ¢ in K is link
link(o) ={reK:ouTeK, ont=_J}

Remark 1.4.6 Both star(o) and link(o) are subcomplexes of K (Exercise!), while star(o)
for o # (J is not, because it does not contain (7.

Lok &3

Fig. 29: A vertex z with a neighbourhood homeomorphic to R?, its link and its open star.
(The incident edges of z and z itself are also part of its open star.)

Third requirement. The link of every vertex in an ASC triangulating a (compact)

2
surface needs to be combinatorically isomorphic to S!. o
We often use star(o) to denote the closed star of o. ks
1

Example 1.4.7 (Link, star)
Consider the simplicial complex in figure 30. We have link({1,2}) = {@, {3}, {4}} or in  Fig 30

facet-description: link(12) = {3,4}, star(12) = {123,124}. o /\A_’ \
»idge

DEFINITION 1.4.8 (RIDGE)

A ridge is a (d — 1)-dimensional (or: codimension-1) face of a pure simplicial d-complex. A=2

Lemma 1.4.9 (link(ridge) =~ S°)
Let K be a triangulation of a (compact) d-manifold without boundary as a (finite) simplicial

complex and let r € K be a ridge. Then Fig. 31: Examples of
ridges.

[ link(r)| =~ S°.
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1.4 MANIFOLDS AND TRIANGULATIONS

P ik

(~)

Fig. 32: Examples for lemma [.4.9.

Remark 1.4.10 In a triangulation of a manifold (without boundary) a ridge lies in exactly

two facets. o

v v,
A=A AN
ASh 0N = S° Lk oy &8

Fig. 33: What do we know about links of vertices? For d € {1,...,4}, we have |link(v)| =~
S4=1, but for d > 5 the link is more complicated.

DEFINITION 1.4.11 (PATH-CONNECTED)
A topological space X is path-connected if for any x,y € X there is a path connecting path-connected

and y.

THEOREM 1.4.1: CONNECTED MANIFOLDS

A connected manifold is path-connected.

DEFINITION 1.4.12 (STRONGLY CONNECTED)
A pure simplicial complex is strongly connected if for every pair of facets (o, 7) there is a  strongly connected

sequence
0 = 01V1,20202303...V;_1,0; =T

of facets o1,...,0; and ridges vy 2,...,v;-1,; such that v;_; ; lies in z;_; and z;, that is,

there is a path of facets from o to 7 going via ridges.

Fig. 34: A strongly
Lemma 1.4.13 connected  triangula-

Path-connected triangulations of closed manifolds are strongly connected. tion.

Proof. (Idea) A path in X is a continuous map p: [0,1] — X. As I is compact and p is
continuous, X is compact. A polygonal path p can revisit a facet of X only finitely many

times.

Hence we can shorten resp. omit the revisits to obtain a path that goes via each facet only

once and accomodate it that it goes via ridges. OJ
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

Classification of (closed) surfaces

In our zoo of surfaces (2-manifolds) we have e.g. S?, T2, double-torus, triple-torus, ..., RP?,
the KLEIN bottle, non-closed manifolds like E? or E* \EQ ~ E?\{pt}, the doubly punctured
plane, ..., the open cylinder =~ E?\{pt}, the closed cylinder, the closed disk and the open
disc ~ E2.  As a model-space for manifolds with boundary we can take closed half spaces
in E".

DEFINITION 1.5.1 (MANIFOLD WITH(OUT) BOUNDARY)

A (HAUSDORFF and second countable) space M is a d-manifold with or without boundary
if for every x € M there is an open neighbourhood that is homeomorphic to an open d-ball
in the closed half space Ei = E¥' x E=¢ or to an open half-ball (= intersection of the
half space with an open ball). In the first case, = is an interior point, in the latter, it is a

boundary point.

DEFINITION 1.5.2 (CLOSED / OPEN MANIFOLD)
A d-manifold without boundary is closed if it is compact and open else.

From now on, we assume a manifold to be closed and connected (unless we consider special

cases such as S” or the boundary of a closed cylinder, S! U S?).

THEOREM 1.5.1: RADO (1925) | , § 4]

Closed 2-manifolds can be triangulated as finite ASCs.

From theorem [.4.1 and lemma [.4.13 we get the following theorem.

THEOREM I.5.2: TRIANGULATIONS OF CONNECTED CLOSED MANIFOLDS

Every triangulation of a connected closed manifold is strongly connected.

Example 1.5.3 (Strongly connected SC not manifold-triangulation)

In figure 36 you can see two simplicial complexes that are strongly connected but not trian-
gulations of a manifold, as the (realisation of the) link of their pinch point is homeomorphic
to St LS. Such triangulations are called pseudo-manifolds, where e.g every link only has

to be a compact surface, not only a sphere. o
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Fig. 35: The closed,
disconnected manifold
st u st

L4y = O O

Fig. 36: Triangula-
tions of pseudomani-
folds. The link of
"pinch points" is not a
sphere.



1.5 CLASSIFICATION OF (CLOSED) SURFACES

DEFINITION 1.5.4 (DUAL GRAPH OF MANIFOLD TRIANGULATION)
The dual graph of a triangulated (connected and closed) d-manifold M has as vertices the

facets of M and edges whenever two facets have a common ridge.

Remark 1.5.5 The dual graph does not determine the triangulation, but the degree of a
vertex in the dual graph reveals the dimension of the manifold. Distinct triangulations could
have the same dual graph.

Remark 1.5.6 (Determining isomorphic triangulations)

How can we determine whether two triangulated d-manifolds are isomorphic? We can start
by checking if the number vertices and their degrees and the number of faces in each dimen-
sion are equal in both triangulations. By exhaustion, we can then check for each facet, if it
can be mapped to a facet of the other triangulation, for which there are # facets -(d+1)! pos-
sible choices for each facet (this determines all possibilities by strong connectivity). Finally,

neighbouring faces have to be mapped to neighbouring faces. o

Remark 1.5.7 (The automorphism group of a triangulation)

Note that there might be more than one isomorphism, e.g. if both triangulations are iden-
tical, and in that case one recovers the combinatorial automorphism group Aut(K) of the
triangulation K. For example, the automorphism group of the n-polygon is the dihedral
group D,, (which has order 2n for n = 3). The automorphism group of A, is the symmetric
group Sy,+1 (which has order (n + 1)!). o

The following Classification procedure (algorithm) is due to [Bra2l]. Its input is a

triangulation of a closed and connected surface, its output is the "type" of the surface.

@ Pick a spanning tree in the dual graph of the triangulation.
Remark 1.5.8 The dual graph is a connected graph because the triangulation is

strongly connected by theorem [.5.2. o

@ Cut open all edges in the triangulation that are not crossed by an edge of
the spanning tree. Equivalently: for every node in the dual graph, take the triangle
it is contained in and also the neighbouring triangle if the dual graph crosses the edge

both have in common, producing a "tree of triangles".

We illustrate this procedure with a triangulation of the torus.

Fig. 38: Left: One spanning tree in red. The green edges are the ones not crossed by edges
of the dual graph.

Right: This triangulation (a tree of triangles) is a triangulation of a disk with the extra
property that the boundary edges are pairwise identified. Every edge on the "boundary" of
this triangulation appears twice.
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Fig. 37: The dual
graph of a part of a
triangulation of a con-
nected and closed man-
ifold.
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

DEFINITION 1.5.9 (POLYGONAL DECOMPOSITION / SCHEME)
A polygonal decomposition / scheme of a (closed and connected) surface is a decomposition

into a (finite) family of polygons with pairwise identified oriented edges.

Example 1.5.10 (Polygonal decomposition / scheme)
Starting out with nine disjoint squares, we can make up pairwise identifications of edges like
in figure 39.

1

|
——>

L

P2
3

o

KEKEN

T

HERIN
\

Fig. 39: Glueing together the squares according to their edge-identifications yields the com-
posite figure on the right with identified edges.

Remark 1.5.11 Polygons of a decomposition can be glued together along edges to form a

single polygon with pairwise identified edges. o
A - 1 A4 x 4
_____42‘§~ B ] % A 4{ &
1 a 1 A a 4
T Kb bottle
A o -1
RT™
4 i
3z & 1
SL
;

us s Acdd

cﬁao--
a (special m«%y«—-«. co)
Fig. 40: Both T2 and the KLEIN bottle have one vertex, while RP? and S? have two.
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

@ For the previous tree of triangles, remove the internal edges to obtain a

single polygon with pairwise identified edges.

@ Reduce such a scheme to a scheme with only one (or two) vertices. This

yields a simplification of schemes.

Lemma 1.5.12 (Reducing the number of vertices)
Every scheme of a surface can be reduced to either the scheme aa™' of S* or to a scheme

with exactly one vertex.

Proof. Suppose the scheme has at least two different equivalence classes of identified ver-

tices.
P
a £
R x cut

I
| : ~
.f I
L

ael & awe

L-RN—
{ < f
} :
@ P
G £
(]

Fig. 42: On the left, P and @ are different vertices with m elements in the equivalence class

of P.

On the right, there are now m — 1 elements in the equivalence class of P, though the size of

the class of @ has increased.

Through this cutting-and-reglueing procedure, P will eventually appear only once on the

boundary of the (modified) scheme.

There are two cases (because edges are pairwise identified):

T ™ E i
( ;7 ( /
\
S S .-

Fig. 43: Case 1: remove internal P and d. Case 2: there are only P and d.

Case (@): after deletion of further equivalence classes we obtain a scheme dd ' of §% or a

scheme with only one vertex.

@ Transformation into canonical form.

From now on the scheme has exactly one vertex. We simplify the scheme further by

cross-cap normalisation, handle normalisation, or transforming handles into cross-caps

(in the case that both are present).

@ Cross-cap normalisation.
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

Lemma 1.5.13 (Cross-cap normalisation)

We can transform ...a...a... into ...d'd ..., that is, pairs of identified edges
with same orientation on the boundary of a scheme can be transformed into neigh-
bouring edges (cross-caps).

Notation: ...a...

a ... 1is the sequence of edges we see when traversing the bound-
ary of the scheme.

Proof. Cutting and reglueing a’ yields the desired transformation:

————

1M+Q 7
(=W
< -

- e

. Handle normalisation.
Lemma 1.5.14 (Handle normalisation)
After crosscap normalisation
@ pairs of oppositely oriented edges as crossed pairs ...a

SboaThoobT L
@ and can be transformed into ...cdc'd" .. ..

Proof. @ Let us assume that ...a...a”!...is not separated by apair...b...b~1....

This is a contradiction to the assumption that we only have one equivalence
class of vertices:

e o o
P o> - e€< Ty P

L o T\ Poamd ®R
Q —p D) - g & / ot adips

@ We start with...a...b...a" L.

..b~1.... Consider the following double cutting-
and-reglueing procedure
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

>
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P ek AN

.....

Special configurations include RP? (cf. figure 44) a cross-cap (cf. figure 45) or a

handle (cf. figure 46), which gets its name from the following consideration:

&

@ Transformation of handles into cross-caps in the presence of both han-

dles and cross-caps.

If there is at least one cross-cap and at least one handle, then the boundary of the
polygon of the scheme has a subsequence . ..aabch~'c!. .. (otherwise we would
just have cross-caps or just handles - somewhere they need to be neighbours).
The following triple cutting-and-regluing procedure leaves the .. .-part untouched
and transforms the handle and cross-cap into three cross-caps.

27
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Fig. 45: A cross-cap.
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Fig. 46: A combinato-
rial handle.

Fig. 47: In the case
there is a cross-cap,
there is always a
MoBrus band  which
forces the surface to be
non-orientable (though
the handles themselves
are orientable).



1.5 CLASSIFICATION OF (CLOSED) SURFACES

e e

| e."af'&"a" {'11{“._.

Fig. 48: First we re-glue along a, then along b, then along c.

This finishes the classification procedure.

THEOREM 1.5.3: BRAHANA (1921) |

Every closed, connected surface can be transformed into one of the following schemes:
@ the sphere S? (cf. figure 49), which is orientable,
@ the sphere with n handles (cf. figure 50), which is also orientable,

@ the sphere with n cross-caps (cf. figure 51), which is non-orientable.

Remark 1.5.15 Such a scheme is the normal form of a surface. o

Does theorem 1.5.3 give us the classification of surfaces? Not yet! It could still be the case
that some of the normal forms represent the same surface. Hence we need to distinguish

between the different normal forms.

DEFINITION 1.5.16 (TOPOLOGICAL INVARIANT)

A topological invariant is a map I from (a subclass of) the category of topological spaces
Top into e.g. the category or groups or R, which assigns to each topological space X € Top
some object, which can be a group or a number of something else. If a group resp. number

is assigned, then [ is a algebraic resp. numerical invariant.

It is required that if X =Y, then I(X) ~ I(Y) (where ~ denotes isomorphism).

Example 1.5.17 (Topological invariants)
The dimension is numerical invariant for manifolds and genus is a numerical invariant for

surfaces. Connectivity and compactness can be modelled as maps from Top to {0,1}. o

DEFINITION 1.5.18 (COMPLETE CLASSIFICATION)

A complete classification of a family of topological spaces (X;);cs, where J is any index
set, is a partition into homeomorphic spaces, e.g. by specifying some list of topological
invariants Iy, ..., Iy that together allow to distinguish between non-homeomorphic spaces

in the family.

We will see that for surfaces

e FULER characteristic and orientability character (corollary 1.5.22) or
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Fig. 49: The scheme of
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Fig. 50: The scheme of

the sphere with n han-
dles.

a, o,

%‘ 1% 055 f:2 0T2h2e scheme

of the sphere with n
canplgle

classification

L Ao

oL

Fig. 52:
transform  this into

Exercise:

normal form.



1.5 CLASSIFICATION OF (CLOSED) SURFACES

e homology

give a complete classification.

DEFINITION 1.5.19 ((NON-)ORIENTABLE)
A triangulated surface is orientable if the triangles of the triangulation can be orientable
coherently such that each ridge inherits opposite orientations from its two neighbouring

triangles. If a coherent orientation does not exist, the triangulated surface is non-orientable.

Fig. 53: A ridge re-
ceiving opposite orien-
tations from its neigh-

bouring triangles.
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Fig. 54: The MOBIUS strip we found in the triangulation of the KLEIN bottle on the right

is an obstruction to orientability.

Hence changing the the triangulation locally can make it non-orientable and we can detect
this by checking locally (in the right place).

1.5.1 | The Euler characteristic of a surface

DEFINITION 1.5.20 (EULER CHARACTERISTIC)

The EULER characteristic of a triangulation (or, more generally: polygonal decomposition) EULER
of a surface is characteristic

X = Ftvertices — #edges + #faces.
Example 1.5.21 (EULER characteristic)
The EULER characteristic of a tetrahedron is 4—6+5 = 2 and of the cube it is 8—12+6 = 2.¢

SCHLAFLI gave a proof in ca. 1890, implicitly assuming ?, in 1971 by BRUGGESSER and
MANTI found a rigorous proof in [BM71].

THEOREM 1.5.4: EULER’S POLYHEDRON FORMULA

A 3-polytope has EULER characteristic 2.

Let a surface M have triangulations K and K’. Do we have x(K) = x(K’), that is, is x a

topological invariant?

THEOREM I.5.5: KEREKJARTO (1923) |

Let K and K’ be triangulations of a (closed, connected) surface M. Then K and

K’ have a common subdivision K” obtained from K respectively K’ by sequences of
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

l face of edge subdivisions.

Using that the EULER characteristic is invariant under subdivision, this shows that the

EULER characteristic is an topological invariant.

This theorem is true for d = 3, but not for d > 4. There are topological d-manifolds for

d = 4 for which there are non-equivalent PL (piecewise-linear) structures.

Open question (Smooth POINCARE conjecture in dimension 4). Does S* have exotic

structures?
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Fig. 55: Subdivision of edges and faces does not change the EULER characteristic. It should
be x+1—2+1—4+ 4= x in the second part.

Furthermore, subdivision does not change the orientability character of a surface.

Corollary 1.5.22 (of theorem 1.5.5)
The orientability character and the EULER characteristic are topological invariants for sur-

faces.
From topology we know the (non-reduced integral) homology
H,(M;Z) = (Ho(M;Z), Hy(M; Z), Hy(M; Z)) = (ZBO,Zﬂl @, Z“) :

where S(M) := (Bo, b1, 2) is the BETTI vector containing the BETTI numbers 8; and T is
a torsion group. The number of connected components of M is fy. If By = 1, then 5 is
related to the genus of M and py = 0 if M is non-orientable and 1 else.
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

THEOREM 1.5.6: CLASSIFICATION OF SURFACE

Every closed connected surface is one of the following types:
@ S? (cf. figure 49), which is orientable, with xy = 2—1+1 = 2 and H, = (Z,0,Z),
@ S? with n handles (cf. figure 50), which is also orientable, with y = 1—2n+1 =
2 —2n and Hy = (Z,Z*",Z) and
@ S? with n cross-caps (cf. figure 51), which is non-orientable, with y = 1-n+1 =
2—nand Hy = (Z,2" " ®Z5,0).

In case @), we have Hy(Zy) = (Zo,Zy,%5) and Hy(Z3) = (Z3,Z5*,0) (cf. universal
coefficient theorem), so we can’t read from it the orientation for Zs. This shows what is
enough for complete classification and what is not.

Remark 1.5.23 Hence the EULER characteristic and orientability character give a complete
classification of closed connected surfaces. Alternatively, we can use homology with xy =
Bo — B1 + Be. °
Example 1.5.24

The projective plane RP? (cf. figure 44) has xy =1 —1+1 =1 and Hy = (Z,%5,0).

The torus T2 has y =1 —2+1 =0 and H, = (Z,7% 7).
The KLEIN bottle has x =1—-2+1=0 and H, = (Z,Z@ZQ,O).

a,
——

Hag

Fig. 56: Top left: The polygonal decomposition of the double torus and Top right: its
geometric realisation. Bottom: Similarly, we can get a triple torus.

DEFINITION 1.5.25 (GENUS)
For orientable resp. non-orientable surfaces with EULER characteristic x = 2 — 2n resp.

2 — n the genus is n.
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1.5 CLASSIFICATION OF (CLOSED) SURFACES

Remark 1.5.26 (Classifying surfaces in Differential Geometry) In Differential Geometry there are three
types of surfaces:

e spherical surfaces (with x > 0): S?, RP? (as quotients of S?),

o flat surfaces (with x = 0): T2, KLEIN bottle (as quotients of E2),

e hyperbolic surfaces (with x < 0): all others (as quotients of the hyperbolic space H?2).
For 2-manifolds there are three model geometries: S2, E2 and H?2 (where the last two both are R? as a set,

but equipped with a different metric). For 4-manifolds there are eight model geometries: S3, E3, H3, ....

The geometrisation of 3-manifolds is due to THURSTON and PERELMAN. o
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1.6 VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

Vertex-minimal triangulations of surfaces

How many vertices do we need to triangulate a surface (as a simplicial complex)? 24.05.2022

Example 1.6.1 (How many vertices needed to decompose S27?)

For S? we need at most four vertices if we triangulate it as the tetrahedron.

We only need three vertices if we also allow pseudo-simplicial complexes, where all faces are W
simplices, cf. figure 57. '

We only need two vertices if we also allow schemes, like in figure 58. Fig. 57: A pseudo-

simplicial-complex-

We only need one vertex if we also allow CW-complexes, like in figure 59. . . 2
triangulation of S

with three vertices.

\l/ Fig. 58: A polygonal

O scheme of S? with two
vertices.

Fig. 60: Here, the identification of vertices induces identification of edges. For polygonal

schemes, identification of edges induces an identification of vertices.

DEFINITION 1.6.2 (f(ACE)-VECTOR, EULER CHARACTERISTIC)

The f-vector (or face vector) of a simplicial d-complex K is -
Fig. 59: A decompo-
f:(fo’fl""’fd)’ sition of S2 as a CW
complex.
where fy for k € {0,...,d} is the number of k-dimensional faces of K. The EuLER charac-
teristic of K is 4
X(K) = > (=1 fi
k=0
From Topology we know that y is a topological invariant. Furthermore, if M is an odd-
dimensional manifold, then xy(M) = 0, so the EULER characteristic is not helpful for studying
e.g. 3-manifolds.
Remark 1.6.3 (f-vector of a surface) If K triangulates a surfaces with n vertices, then
its f-vector is
2
(‘/:E7F) = <n7f173f1> .
But since V — F + F = x, given a surface, we can’t choose n and f; freely, but only one of
them.
DEFINITION 1.6.4 (HASSE DIAGRAM)
The Hasse diagram is the (layered) graph consisting of HASSE diagram

e the faces of K as its vertices,
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1.6 VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

e edges whenever an (k — 1)-face is contained in an k-face.

[+-1  Ng

Fig. 61: The HASSE diagram for S? with the convention that the only —1-dimensional face
is the empty set. In every layer, we get a bipartite graph.

As every edge is contained in exactly two triangles and every triangles has exactly three
edges, there are two ways to count the edges of the red graph: "from below" and "from
above". This yields 2f; = 3 fs.

For surfaces we have
X=n-—fi+ fo
2f1 = 3f23

which are two equations for the three unknowns n, fi, fs.

They yield fy = % f1 and thus

2 1
X=n—f1+f2=n—f1+§f1=n—§f1.

Thus
(fla f2) = (Sn - 3X7 2n — 2X)a

so the f-vector is
f=(n,3n—3x,2n — 2x).

Example 1.6.5 For a 9-vertex-triangulation of 72 we have f = (9,27,18) and thus x = 0,
as expected. (The seven-vertex triangulation can be achieved using bi-stellar flips.) o

Let K be a triangulation of a surface M with EULER characteristic x(M) on n vertices. We

have just shown that then
FOE) = (n,2n — x (M), 2n — 2x(M)).

If the surface can be triangulated with n vertices, then it can also be triangulated with n+ 1

vertices, as illustrated in figure 62. The new triangulation then has the f-vector

f=Mm+1,3n-3(x—-1),2n—-2(x —1)) = ((n+1),3(n+1) =3x,2(n + 1) —2x). (1)

Thus if we know the minimal number n.,;, of vertices to triangulate a surface M, this
completely determines the set of f-vectors of M. (This is harder in higher dimensions.)

34

Fig. 62: By subdivid-
ing one face of a tri-
angulation, we obtain a
triangulation with one
additional vertex.



1.6 VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

What kind of bounds do we know for n, f; or fo7 A graph with n vertices can have at most
(5) edges, so we get

3n—3y=fi < (") _nln=1)

2 2 ’
which we can reformulate as
n? —Tn+ 6y = 0.

In the case of equality we have

ny = %(71 V49 — 24y).
=

Note that as x < 2, we have 49 — 24 1. Furthermore,

n_ =

N = X

(7-vi9—28y) <3,

We can discard this solution, since at least 4 vertices are needed to triangulate a surface
(we need at least one triangle, which gives three vertices, and since every edge needs to
be contained in two triangles, we need another vertex). We have just proven the following

theorem.

THEOREM 1.6.1: HEADWOOD’S BOUND (1890) | |

Let M be a surface with EULER characteristic x(M). Then a triangulation of M
needs at least

|3+ v—2m)|

vertices.

Remark 1.6.6 (How good is HEADWOOD’s bound?)
If x = 2 (and thus M = S?), we need at least four vertices, so the bound is sharp. If y = 1,
then n = 6. Identifying antipodal vertices on the icosahedron (which as 12 vertices) yields

a six-vertex triangulation of RP? (cf. figure 89), so the bound is again optimal.

If x = 0, then (M = T?) and HEADWOOD's bound is n > 7. You can see the unique (that

is, up to relabelling of the vertices') seven-vertex triangulation of T in figure 63. o

However, for the KLEIN bottle, which also has xy = 0, HEADWOOD’s bound is not sharp (the
only other surfaces being the orientable surface of genus 2 and the non-orientable surface of

genus 3 by theorem 1.6.3):

THEOREM 1.6.2: FRANKLIN (1934) |

There is no 7-vertex triangulation of the KLEIN bottle.

IThe triangulation of S? and RP? shown here are unique as well.
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Fig. 63: The unique
seven-vertex triangula-
tion of T2.

Fig. 64: An eight-
vertex triangulation of
the KLEIN bottle.



1.6 VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

An alternative way to write HEADWOOD’s bound is

— (Z) =3n—3x = fo
— w—3n+6>6—3x

— TETER 30y
— (";3> > 3(2 - ),

which equality if and only if f; = (3).

DEFINITION 1.6.7 (NEIGHBOURLY SURFACE)

A triangulated surface with f; = (%) is neighbourly.

Example 1.6.8 (Neighbourly triangulations)

The edges of the following triangulations form complete graphs K,:

| t 23 1
iﬂ > 3&* 4 ¥
E g 5
5 A.— ! X 3 [ i _& 1
S Ber b
M=£( M:_-g .M—'-T-;z

The following theorem was proven in [Rin55] for non-orientable surfaces and in [JR80] for

orientable surfaces. The last sentence is due to [Hun78].

THEOREM 1.6.3: VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

Let M be a surface that is not a orientable surface of genus 2, the KLEIN bottle or a
non-orientable surface of genus 3. Then there is a triangulation of M with n vertices

if and only if
("3 %) =3@-x0n) ©)

with equality if and only if the triangulation is neighbourly.
For the three omitted cases, n — 3 has to be replaced by n — 4, that is, one extra
vertex is needed.

Characterising neighbourly triangulations of surfaces

Equality in (2) can be characterised as 31.05.2022

(”g3>=3(2—x(M)) = X=2—§<n;3>:2_W' )

As x and 2 are integers, so is % € Ny. This means we have n = 0,1, 3,4 mod 6,
that is, » = 0,1 mod 3 for n > 4.
For orientable surfaces x is even, so "_3)6(n_4 must be even by the same reasoning as above

and thus 7 = 0.3,4,7 mod 12 for n > 4.
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1.6 VERTEX-MINIMAL TRIANGULATIONS OF SURFACES

Corollary 1.6.9 (Neighbourly triangulations)

The following are equivalent for a triangulated surface M with n vertices:
@ M s neighbourly.
@ (%) = 32— x(M)).
@ x(b) = .
@n=1 (7+ /A9~ 24X(M)).

Existence: If M is a surface and not the KLEIN bottle and n is a number satisfying @,
@ or @, then M has a neighbourly triangulation with n vertices.

Proof. (2) «— (@) is precisely (3) and the rest follows from theorem 1.6.3. O

Further literature on this topic includes [Sti93, Kiih06, Rin12].
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1.7 MAP COLOURING

Map colouring

This chapter follows [Rin55, Chp. 2].

In 1852 FRANCIS GUTHRIE posed the "four colour problem": "Can every map be coloured

with four colours [such that neighbouring countries have different colour|?".

DEFINITION 1.7.1 (MAP OF A SURFACE (FIRST DEFINITION))
A M is a decomposition of M into a finite collection of cells (i.e. a

cell complex) consisting of vertices (0-cells), edges (1-cells), polygons (2-cells).

DEFINITION 1.7.2 (MAP OF A SURFACE (REFINED DEFINITION))
A M is a decomposition of M into polygons (a finite cell complex) via a
graph G = (V; E) such that

o deg(v) = 3 for all vertices v e V,
e every vertex v € V with deg(v) = k is incident with k& different polygons.

The polygons of a map are its (in particular, they are connected) and two coun-

tries are if they share an edge.

Counterexample 1.7.3 (Map of a surface)
The following decompositions are excluded by Definition 1.7.2:

& kT B @

Fig. 68: For the first two decompositions, vertices of degree one or two can be removed
to yields a simplified map and for the other two decompositions (which violate the second

condition), if a country touches itself, this splits the surface into independent parts.

Example 1.7.4 (Map of a surface)

The following decompositions are maps on a surface in the sense of Definition 1.7.2:

& - D (&)

Fig. 69: Two neighbouring countries can share multiple edges (rightmost example).

Let P be a map on a surface M.
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connected closed sur-
faces here?

Do we only consider ’

Fig. 65: In this "map",
three colours suffice,
but two do not due to
the presence of a cycle
with an odd number of
faces.

Fig. 66: The number of
different colours is not

bounded if the coun-
tries are not required
to be connected (that
is, if exclaves are al-
lowed). As every coun-
try borders every other
country, the number
of colours required is
equal to the number of
countries.

Fig. 67: A decom-
position of S2? into
eight vertices, seven
edges and one 14-gon
with pairwise identified
edges (ignore the ar-

row).



1.7 MAP COLOURING

DEFINITION 1.7.5 (COLOURING OF A MAP, COUNTRY GRAPH)
The map is a a colouring of the countries of a map such that adjacent

countries have different colours.

A Gp is the graph with a vertex for every country and an edge if two

countries are adjacent.

P

D e
M@/m@?&

-:za(.@cs

Fig. 70: The country graph of the SCHLEGEL diagram of the cube is the SCHLEGEL diagram

of the octahedron.

DEFINITION 1.7.6 (CHROMATIC NUMBER OF A MAP / SURFACE)

The map /7 is the minimal number of colours that are
needed to colour P. The is
xcu(M) = max xcu(P)

P:P map on M

The maximum exists and the chromatic number is known for all surfaces.

For S?, a computer proof of the four colour theorem was done in [AH76] with 1476 cases
and in [RSSTI6] with 633 cases.

For surfaces M # S?, [RY68] proved the

39

map



1.7 MAP COLOURING

Our aim is to prove the map colour theorem, which will take several steps.

The (polyhedron of the) country graph G'p of a map P on a surface M can be
embedded on M.

Proof. First, inside countries. Then by placing one
subdivision node on each edge. Then of the
adjacent edges and , that is, the make one edge out of an edge

going from a capital via a subdivision node to another capital. Then Gy is a subgraph of
the resulting (multi-)graph, because there is a one-to-one correspondence between capitals
and countries and in the country graph adjacent countries share an edge, which is also the
case the in constructed (multi-)graph. O

Fig. 71: Two examples of the procedure used in the proof of theorem 1.7.1.

Remark 1.7.7 In case two adjacent countries of P share exactly one edge, the resulting
multi-graph is simple and isomorphic to (- . In this case, the embedding of G » on M defines
the to P.

Embeddings of a graph into a surface can be very wild. The following theorem simplifies
the situation.

Let G be a graph that can be embedded on a surface M. Then there is a map P on
M such that G is isomorphic to a subgraph of G p.

Proof. First, thicken (this is the imprecise part of the proof) the graph G on M. Then
cut each thickened edge. The resulting patches around the nodes of G on M yield countries
with country graph G. Lastly, divide the rest of the surface into further countries yielding
Gp. O

For every map P on M the country graph GGp can be embedded on M by theorem [.7.1

and xcu(P) = xcu(Gp) (the chromatic number of a graph is defined analogously via vertex — Fig. 72: The proof of
theorem 1.7.2 exempli-

colourings). Thus
fied.

= <
xou(M) =, , max | xon(P) < mas xen(G)

under the assumption that the maxima exist, which we will prove by giving an upper bound
on the right hand side.
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1.7 MAP COLOURING

If conversely G — M, then there is a map P on M such that G is isomorphic to a subgraph
of G'p by theorem 1.7.2, that is, xcu(G) < xcu(P).

Together we get

XCH (M) B P:P H}lapxon M XCH (P) - CIJIB]}\(/I XCH(G) (4)

still under the assumption that both maxima exist.

DEFINITION 1.7.8 (CRITICAL GRAPH)
A graph G is if every proper subgraph has smaller chromatic number.

Example 1.7.9 (Critical graph) A triangle is a critical graph. More generally, the com-
plete graphs K, yield an infinite sequence of critical graphs, as do the odd cycles Cy, 1.

If G is critical, then deg(v) = xcu(G) — 1 for all vertices v of G.

Proof. Let v be a vertex with deg(v) < xcu(G) — 1.

Then the subgraph of G consisting of all vertices and edges of G except v and the edges

containing v, called G\v, is colourable with xcu(G) — 1 colours, as G is critical.
The vertex v has at most xcu(G) — 2 neighbours (as deg(v) < xcu(G) — 1 by assumption),

so that one of the ycu(G) — 1 colours is free for v, which is contradiction. ]

For colourings, vertices of degree zero or one are not interesting, since they can be coloured

as one wants, so they can be removed in preprocessing.

Let G be a graph with o vertices and «; vertices such that deg(v) = 2 for every

vertex v. If G can be embedded on a surface M, then

a1 < 3ag — 3x(M).

Remark 1.7.10 Recall that for the 1-skeleton of a triangulation we proved o1 = 3 —
3x(M), so this is a generalisation of this result for graphs embeddable in a surface.

Proof. If G — M, then by theorem 1.7.2 G is isomorphic to a subgraph G’ of the 1-skeleton
Skely (P) of a map P on M which has the f-vector f(P) = (fo, f1, f2)-

Let P be cut via G’ into 7 partial polyhehdra (partial map) P, ..., P, with f-vectors f*) =
857 o ke 1
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\ 2 3
g /s | ;! IJ!; )
/% /// | &
a2 Il

. - 2
NN ZZ2 N T
I = | 3 |

Fig. 73: The map on the torus is the grid consisting of nine squares. The partial maps have
f-vectors f() = (8,12,4), f® = (6,8,3) and f©® = (6,7,2).

N
Vi

For P we have ,
k
fo= >

k=1

since every face of P is contained in exactly one of the P, and
O ()
fl = Z fl - 05,1’
k=1
since the o} edges of G’ are counted twice. Lastly,

fo= D157 = deg(v) + o
k=1

veG’

since a vertex v of P that is not in G’ is counted exactly one in >}, _, fék) and a vertex of

P that is in G’ is counted deg(v) times in Y}, _, fék) and there are o vertices in G'.

For G’ we have by double counting
Z deg(v) = 2a/). (5)
veG’

Hence the EULER characteristic of M is

XM)=x(P)=fo—fi+ fo= D, f7 = D deg(v) +ap— D) A7+ + D) fY
k=1 k=1 k=1

veG’

.

() k k k

= Z (fé )—fl( )+f2( ))—a’1+a6<r—a’1+a6,
=1

3 I
A 2
since for any polyhedron we have x(Py) < 1 (Exercise, corollary of x < 2!). Since G’ has no /?4// /// ‘;:‘5

AN e ¥ -
nodes of degree at most 1, each Py has at least three edges. Further, every edge of G’ lies & = P Z/_C. e
in either one or two of the Py, so 3r < 2a]. 5

In summary, . z = )
3x(M) < 3r —3a) + 3a), < 3o — af. 0

Fig. 74: TODO

For the case of equality we get a triangulation.
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THEOREM 1.7.5: a; = 3ag — 3x (M)

Let G be a graph with aq vertices and a; edges such that deg(v) = 2 for every vertex
v of G. If G can be embedded on a surface M and oy = 3ag — 3x (M), then there is
amap P on M such that G = Skel; (P) (isomorphic) and all faces of P are triangles.

The converse is also true.

If a graph G has a triangular embedding (that is, each face is a triangle) on a surface
M, then a1 = 3ap — 3x(M).

Our aim now is to show that

tnax xcu(G)

exists.
Let G be a graph embedded on a surface M with fo = n vertices and f; edges. Then by
theorem [.7.4

f1 < 3n—3x(M). (6)

THEOREM 1.7.7: xcg IN TERMS OF n AND f;

If G is critical, then
(xcn(G) = 1)n < 2f1. (7)

Proof. As G is critical, every vertex v of G has deg(v) = x(G) — 1 by theorem 1.7.3. Hence
(xcn(@ n'< Z eg(vk) = 21,

where the second equality is the degree-sum formula (sometime referred to as handsking

lemma). |

Lastly, combining both results yields

(7) (6)
(xcu(G) = 1)n < 2f1 < 6n —6x(M),

that is,

Xou(@) ~ 1< 6~ Dx(M). 0

Case 1. x(M) < 0. Since xcu(G) < n (the upper bound is e.g. attained for complete
graphs), we obtain from (8)

xcu(G)? — xcu(G) < 6xcn(G) — 6x(M),

which is equivalent to

<XCH<G> T W) (XCH@) - \/W) <o,

_

-
>0 as x(M)<0,xcu(G)=1, so 4/49—24x(M)=7
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1.7 MAP COLOURING

Hence the first factor has to be nonpositive, so

7+ /49 — 24y (M)

2

xcu(G) <

This also shows that the maximum in (4) above exists.
Case 2: x(M) = 1. Then M = RP% From (8) we get

XCH(G)—1<6—2<6.

As xcn(G) has to be an integer, this implies that

T+4/49—-24-1
xen(G) <6 = VS

so we get the same bound as before.

Case 3: (M) = 2. Then M =~ S?. From (8) we obtain

12
XCH(G)—1<6—;<6,

so xcu(G) < 6. This is the six colour theorem for maps on the sphere or the plane,

Case 1 and 2: x(M) < 1. Since

7+ /49 — 24\ (M)

xcu(G) < 5 :
holds for every critical graph embedded on M, this bounds holds for all G < M. Thus
vor(M) =, e y Xen(P) = max, xon(C)

is well-defined.

THEOREM 1.7.8: HEAWOOD’S BOUND FOR COLOURINGS (1890) |

Let M be a surface with (M) # 2 (that is, M 2 S?). Then

en(M) < {7+ «/492—24X(M)| '

HEAWOOD conjectured that this bound was optimal, but couldn’t prove it ("HEAWOOD’s
conjecture").

We have also proved the following theorem.

THEOREM 1.7.9: SIX COLOUR THEOREM

We have xcnu(S?) < 6.

But we can do even better.

THEOREM 1.7.10: FIVE COLOUR THEOREM

We have xcn(S?) < 5, that is, every planar graph G can be coloured with five colours.
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1.7 MAP COLOURING

Proof. Let G be a planar graph, without loss of generality we can assume that G is con-
nected has at least n > 5 vertices.

Proceeding by induction, we assume that every planar graph with fewer than n vertices can
be coloured with five colours.

For the of G we have
2f1 174 2(3n — 6 12
dq) = 2120 o 12
n n n
Hence there exists a vertex v of G with degree at most five. Then H := G — v has a

five-colouring ¢: V(H) — {1,...,5} by the induction hypothesis.

Case 1: The neighbours of v are coloured with at most four colours. We can use
the free colour to colour v.

Case 2: v has five neighbours (v;)?_; that are coloured differently. For i,j €
{1,...,5}, let H;; be the subgraph induced by the colours ¢ and j (that is, the subgraph
of H containing all vertices coloured ¢ or j and the edges connecting them). Let C; be the
component of H; 3 than contains v;.

Case 2.1. vs ¢ C7. Then we can swap colours 1 and 3 in the component Cy. Then v; and
vz have colour 3 and v can be coloured with 1.

Case 2.2. v3 € C1. As H; 3 contains some vj-vs-path P. By , the
circle vvy Pvsv separates vo and vy; they lie in different components of Hoy. As in Case 2.1,

we can now swap colours in one of the components. O

How good is theorem 1.7.8 for a surface M % S2? It is the best possible, except for the
KLEIN bottle.

For what kind of critical graphs? For complete graphs K,,.

The (dt. Fadenproblem) is: given n, what is the smallest number ~(n)
such that on an (orientable) surface of genus «(n) there are n points that can pairwisely be
projected by curves that do not intersect each other. A reformulation is: what is v(n) so
that K, embeds on the (orientable) surface of genus y(n).

By B, &5 g
K, «—> T7

L2 3

(f"r s

LA

L 2 % '1

N

Fig. 76: We have v(4) = 0, as K; — S? and S? has genus zero. The bottom image shows
that K7 < T2 and this configuration induces the unique minimal triangulation of T2.
(In the bottom right image, the interior, non-diagonal edges are not included, for sake of
readability.)
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Fig. 75: In case 2, there
is a vertex v in the pla-
nar connected graph G
with degree five.
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We have

forn > 3.

For example, v(5) = v(6) = 1 and y(4) = v(3) = 0.

RY68

For any surfaces M ¢ {S?, KLEIN bottle} the following are equivalent
(1) There is an embedding K,, < M.
n(7—n)
@ x(M) < 2
® n< T+y/49—20x (M)

2

@ (%5°) <3(2-x(M)).
(For the KLEIN bottle, @ is equivalent to n < 6.) If equality holds in the above,
then the embedding K,, < M defines a neighbourly triangulation of M.

In summary: we have , one for vertex-minimal triangulations: n >

[H V4924X(M)} and one for colourings of surfaces: xcu(M) < {” V49224X(M)J (for M #

2

S?; it also holds for M = S? by the Four Colour Theorem), which more generally holds for
embeddings K,, — M.

In the case of equality we have

" 7+\/492—24x(M) (M) =

We have neighbourly triangulations with

Case 1: M is orientable. n =0,3,4,7 mod 12

Case 2: M is non-orientable. n =0,1 mod 3.

How can we obtain (an infinite series of) vertex-minimal triangulations?
e Enumeration.
e Local modification.
e Construction.

One type of local modification is (or: bistellar moves).

Bistellar flips

Bistellar flips is a tool to locally "improve" a triangulation, e.g. to get rid of flat tetrahedra
or non-stable triangles. They are also relevant in physics (quantum gravity), because if
the number of triangulations of the sphere is exponential or higher than exponential, it is
relevant for the convergence of some methods. It can also be interesting to consider if a

sequence of bistellar flips gives a "path" in the space of triangulations from one to another.

Bistellar flips are local modifications of a surface that do not change the topological type:
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Vid

Fig. 77: Top: Adding a midpoint of a triangle is a bistellar operation, but removing it is not
possible if the surface is a tetrahedron. Bottom: Flipping a diagonal is a bistellar move,

provided the dotted edge does not already exist in the surface.

£ ~>
P K

Mobius'
#-_

- X
? vestes

tovas

Fig. 78: For the nine-vertex triangulation we can preform flips to obtain MOBIUS’ seven-
vertex triangulations. Our aim is to reduce the degree of some vertex from six to three, so

we can perform the first step from above.

There was a competition of the Paris Academy in 1858 on "perfectionner en quelque point
impontant la théoremé géometricuge des polyédres" (perfect the geometric theory of poly-
hedra).

MOBIUS’ contribution on surfaces and polyhedra from 1861 contains the seven-vertex trian-
gulation of the torus, which is combinatorially more symmetric than the nine-vertex triangu-
lation: while the nine-vertex triangulation can be drawn on a square grid, the seven-vertex

triangulation can be drawn on the triangular grid:
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AVAVAVAS
\VAVAY UL TAVASS
WAV o
\ VAN AVAN
AT

L}

Fig. 79: This triangulation is invariant under the cyclic shift (1,2,3,4,5,6,7), e.g.
(1,2,3,4,5,6,7)-[1,2,4] = [2, 3, 5], where [1,2,4] and [2, 3, 5] are triangles, (1,2, 3,4,5,6,7)-
[2,3,5] = [3,4,6] and so on. The actual combinatorial automorphism group of the triangu-
lation has size 42.

An infinite series of vertex-minimal triangulations for n =7 mod 12

This subsection follows [Rin55, Sec. 2.3].

Our aim is to find examples for which the vertex-stars
. (This is possible if and only if n =7 mod 12.)

Construction principle. Start with a (= directed graph with oriented edges
("arcs")) with

The first diagram fully characterises the seven-vertex triangulation of the torus. Note that
. Starting at the white node and following the turning direc-

tions, we obtain an induced cycle (in red). Every element 1,2,...,6k + 3 of Z7; 12 is used
as for one of the arcs (in particular, there are 6k + 3 arcs and 2 + 4k nodes).
(flow conservation) holds: the sum of incoming flows (2+1 for the black

one) is equal to the sum of the outgoing flows (3 for the black one).
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L5 [ 20
O-—-b-o —@ -9 —+. —-—-&0

Tt J= T2 e Ts L O
@é@e-oe@e—oﬁ_o &
10 R 3 1y

Fig. 80: Ladder-like graphs for n € {7, 19, 31,43}, that is, k € {0, 1, 2, 3}. Note the alternating
pattern of the arrows between the top black nodes and the white bottom nodes. The
enumeration of the arrows follows a "leave one out" method, first traversing the lower part
back and forth and then the top part.

Each star for a triangulated surface via the
. By the cyclic-shift property, knowing one star gives the

entire triangulation.

For n = 7, the star of vertex zero can be deduced from the diagram. The red cycle traverse
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the edges in the order (up to cyclic permutation) 1 3 2 1, 3, 2, where j records a red arc
that has opposite direction with respect to the underlying black arc. We interpret j as the
the group inverse element of j € Z7,12;. We then obtain the stars
0: 132645

1: 243056
2: 354160
3: 465201
4: 506312
5: 610423
6: 021534

Notice that the rows are cyclic shifts of each other and thus result in the seven-vertex (How?

triangulation

Fig. 81: The star of the vertex one in red.

r(but it is not...

This produces an infinite series of (n = 7 mod 12)-vertex triangulations of the torus.

|—(of the torus??

The next simplest series uses Zg X Zat6 as symmetry group.
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1.1 THE NERVE OF A COVERING

PART II: COMPUTATIONAL
TOPOLOGY

The nerve of a covering

Let S be a finite (or discrete) set of points in some metric space (X,d). Our aim is to 16.06.2022
associate a simplicial complex K (S) with S.
I
S ~—> ‘i )'
P e © e @
K(S)
U B, )
S;eS
Fig. 82: We could for example place closed balls B, (s;) with radius » > 0 around each of
the points s, € S and connect s; with s; if B,.(s;) n Br(s;) # &, to obtain a simplicial
complex K(S).
In the following, let (X,T) be a topological space. We associate a collection of open sets U
with the nerve complex N(U), an ASC.
DEFINITION I1.1.1 (NERVE [ALE28])
The nerve (complex) of an open cover U := (U;);es is the ASC nerve (complex)

N(U) = {JcI:J|<oo, ﬂUj;é@}.

jeJ

Remark I1.1.2 (Finiteness of N(U))
The nerve complex of a finite open cover is a finite ASC. Generally, N(U) need not be a

finite simplicial complex.

—

& - e—o0—— O — " —

Fig. 83: The open cover ((k —ek+1+ 6))k€N of R for some ¢ € (0, %) and the resulting

nerve complex.
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1.1 THE NERVE OF A COVERING

Remark I1.1.3 (Topology of |IN(U)|)
The topology of |V (U)| can be different from the topology of X = | J,; Us.

Ui
U,

@ —a

M)

Fig. 84: If X = S! and {U;,Us} is the open cover shown here (left), then its nerve is
N(U) = {2, {1}, {2}, {1, 2}} (right).

Remark I1.1.4 The nerve construction can be generalised to an arbitrary family of sets

(U;)ier not necessarily open. o
We want N (U) to "capture" the topology of U.

DEFINITION I1.1.5 (HOMOTOPY (RELATIVE TO A SET))
Let f,g: X — Y be continuous maps. If there is a continuous map

F: X x[0,1]] > Y

with F(-,0) = f and F(-,1) = g, then f is homotopic to g and we write f ~r g and call
F' a homotopy between f and g.
If Ac X and F(a,-) = f(a) = g(a) for all a € A, then F' is a homotopy relative to A and

we write f ~p g rel A.

DEFINITION I1.1.6 (HOMOTOPY EQUIVALENT) Fig. 85: A continuous

. . . . deformation of curves
Topological spaces X and Y are homotopy equivalent and we write X ~ Y if there are g()rg()%)prglative to a

continuous maps f: X — Y and g: Y — X such that fog ~idy and go f ~ idx. paintvalent

Example II.1.7 (Homotopy equivalent spaces)
A disk is homotopy equivalent to a point and an annulus is homotopy equivalent to S'. ¢

DEFINITION I1.1.8 (CONTRACTIBLE)
A space X is contractible if X ~ {e}.

Fig. 86: The curves «

and B are not homo-
DEFINITION I1.1.9 (GOOD COVER) topic relative to their
A cover {U;}ier is good if for every J < I the intersection | ey Uj is either empty or  shared start- and end
contractible. point, due to the hole

in X.

THEOREM II.1.1: NERVE LEMMA / THEOREM

Let U be a good open cover of X. Then

N(U)| ~ X.
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U,

N @)

Fig. 87: A good open cover {Up,Us, Uz} of S! and the corresponding nerve complex
N({Uy,Us,Us}).

Ua U3

The version for simplicial complexes of this theorem is as follows.

THEOREM I1.1.2: DISCRETE NERVE THEOREM (1948) |

Let Ki,...,K, be finite abstract simplicial complexes and K = |J;_; Kj. Let
A = |Ky| be their realisations for k € {1,...,n}. If the intersection (1;_; A; is
either empty or contractible for every J < {1,...,n}, then

N{A1,..., A )| ~ |K|.

.

d(ge., ka1 3) N (§ed) = pt

Fig. 88: Two examples for theorem II1.1.2: subcomplexes (Kj)?zl and the corresponding

nerve complex N({K1,...,Ky}).

DEFINITION I1.1.10 (STANDARD COVER)
Let K be a simplicial complex. The standard cover of K is the cover F = (F});es of K by standard cover
its facets. We write N (K) := N(F).

By theorem I1.1.2 we obtain

Corollary I1.1.11 (Discrete nerve theorem)
We have |N(K)| ~ |K|.

Example 11.1.12 (RP?)
Consider the six-vertex triangulation of RP? in figure 89. Its facets are

| D24 2 [Las] 3 Duael & D36] 5 Usd]
L [235) 7 l23é] 8 la4sl 3 [345] ©[%5.4)

Then N (RP%) is a four-dimensional simplicial complex on 10 vertices with the following six

facets
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| P a5 2 [1,2,6,7Z8] 3 [3.4,6,7.3]
‘( [—113 g‘ﬁ,lOJ L [Q(E{é,' 3, (0] 6 L‘rtsz-;/ 8, [0:' A%
| /X

PK

Remark I1.1.13 The nerve N(K) can have larger dimension than K. o
Fig. 89: A six-vertex
Repeated application of N triangulation of RP?.
e e

C/V‘TCH—.—“'—")

/v) O

vy /K 2)- O
'CQ_JC&, o ﬁ.?xz,m

Fig. 90: Applying the nerve complex to a good cover of a simplicial complex over and over

again simplifies a given complex, but progress can be slow and at a high computational cost.

21.06.2022
DEFINITION I1.1.14 (TAUT COMPLEX (1970) [GRU70, P. 64, 70])

A simplicial complex is taut if every vertex is the intersection of the facets containing it. taut

not tauk

45

Fig. 91: A taut complex and a non-taut complex.

Lemma I1.1.15 (Duality [Grii70, Thm. 4])
If K is taut, then N(K) is taut and

K = N(N(K)),

where = indicates (combinatorial?) isomorphy.
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1.1 THE NERVE OF A COVERING

Hence if K is taut, then K and N(K) are in duality in the sense that each is isomorphic to

the the nerve of the other.
Proof. Let F = (F})jecs be the standard cover of K. The nerve N := N(K) has one vertex
Jj for every facet F; of K, for j e J.
For a vertex v e V(K), let A, = {j € J : v € F;}. By the tautness of K we have
() £ = {o}
JeA,

and A, is a facet of N. On the other hand let j € J be a facet index. Then j € ﬂvereAv A,
Suppose there is some j' € J\{j} such that j' € ﬂvereAU A,. Then F; C Fj, contradicting

the maximality of F;. Therefore, (1, ;cn, Ay = {j}, so the nerve N is taut and thus
N(N(K)) = K. O

95

Fig. 92: Facets Fj con-
taining a vertex v in

a part of a simplicial
complex, which is taut
at v.



1.2 THE CECH COMPLEX

[i®] The CECH complex

Let S < X be a finite (discrete) set in some metric space (X, d). Our aim is to associate a 21.06.2022
simplicial complex K(S) to S.

DEFINITION I1.2.1 (CECH COMPLEX)

For S < X and r > 0 let (Br(sj))jej be the collection of closed balls with radius r around

the points s; € S. The CECH complex of S with radius r is CECH complex

CEcH,(S) = {a < S:[)Bils) # g} :

seo

E/L@,d\v (s)
U B. )

leT

Fig. 93: The CECH complexes for two sets S.

Remark I1.2.2 The Crci complex is the nerve complex of the cover (Br(sj))jE 5 by closed
balls of their union | J, ; Br(s;). o

Lemma II1.2.3
We have (... Br(s) # & if and only if o = S lies in a ball of radius r.

SET

Proof. " — ": Let x € () ., Br(s) # &. Then d(s,z) < r for all s € 0, so s € B,(z) for

all seo.

" «=": If there exists a x € X such that o < B,(x), then d(s,z) < r for all s € o and thus

z € (Vyey Br(s), 50 (s, Br(s) # . 0
Remark I1.2.4 We have CucH,, (S) < CECH,, (S) for 0 < r; < 7. o
Remark I1.2.5 For sufficiently large r > 0 we have CECHT(S) = A|g|—1- In particular, for
S < RY, dim(CEcH,(S)) can be larger than d. o

Remark I1.2.6 If we continuously increase r from 0 to oo, then we get a discrete family of

nested CECH complexes. o

11.2.1 | Algorithmic construction of Cech,(S)

The inputs are S < R? and r > 0 and the output should by (VJECHT(S ), where we call the

decision problem

Data: ScRY r>0,0c S

Result: yes or no (depending on whether o € CPECHT(S)).
Algorithm 1: Member(o, CECH,.(S))

56



1.2 THE CECH COMPLEX

As o € CEcH,.(S) if and only if o is contained in a ball of radius r by lemma I1.2.3, we need

Data: Finite set of points o < R?

Result: Smallest ball B enclosing o.
Algorithm 2: Miniball(c) [Wel91]

Remark I1.2.7 (Some first observations) The boundary of B, dB, contains at least

two points of o:
e If 0B n o = (J, then one can shrink the radius.
o If 0B n o = {s;}, then we can move the centre and then shrink that radius.
For d = 2 we have two cases:
@ if the boundary contains two antipodal points, we cannot shrink the ball any further.

@ if the boundary contains two non-antipodal points, we can move the balls centre such
that those two points become antipodal and stay on the boundary and shrink the ball

until the boundary contains a third point (three points uniquely determine a circle).

Hence Miniball is determined by the k € {2,...,d + 1} points that lie on the boundary. In
the case that |o| » d, only few of the points of o belong to the determining subset of k

points, thus most of the points can be discarded. o

First idea: obtain Miniball by randomised incremental construction

Here, incremental means that one adds points one by one and random means that one adds

points in a random order, say, in the order sq,..., Sm.
Let By be the smallest enclosing ball for sq, ..., s;. Suppose we know Bj_1 and we want to
add sg.

e If s, € By_1, then we set B := Bp_1.
o If s ¢ Bi_1, then By must have s, on its boundary.

The problem is that we can not just use the earlier boundary points to update, the points

could look like in the rightmost picture below.

A
Fig. 94: The two cases.
As a solution, Miniball is randomised and recursive, taking two disjoint subset 7 and v of
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o and returning the smallest enclosing ball containing all points of 7 to be discarded and
all points of 7 to be discarded and all points of v as defining points on the boundary. It is
initialised by calling Miniball(o, ).

if 7 # ¢ then
compute the miniball B of v directly from the k € {2,...,d + 1} points of v;
else

choose random point u € 7;
B =Miniball(7\{u}, v);

if u ¢ B then
| B =Miniball(\{u},v u {u})
end
end
return B

Algorithm 3: Miniball(r,v) [Wel91]
The expected run time is O(n).

Example I1.2.8 Consider the following data points and ball.

L2}

We start by calling Miniball({s1,...,s5}, ). As s; ¢ Miniball({s2,...,s5}, ) = &, we

call Miniball({sa,...,s5},{s1}). As sy ¢ Miniball({s3, s4, s5},{s1}) = {s1}, we call Mini-
ball({ss, s4, 55}, {s1, S2}), which is the ball with s; and sy on the boundary, the correct
solution.

As s3 eMiniball({s4, s5}, {s1, s2}), we call Miniball({s4, 5}, {s1, $2}). Since s4 eMiniball({ss}, {s1, $2}),
we call Miniball({s5}, {s1, s2}). As s5 eMiniball(, {s1, s2}), we call Miniball({}, {s1, s2}).¢

Bernd Gértner’s implementation of this algorithm in CGAL (the computational geometry
algorithms library) takes 0.05 seconds for 10% points in E°.

Given 7 > 0, we have to decide which subsets o € 2% belong to CECH,.(S).

Fig. 95: 72 TODO

If we want to compute CECH,.(S) for all 7 > 0, then we compute Miniball(c, &) for all ¢ = S
and then order the face by the radii of their miniballs to obtain a discrete family of nested
complexes.

If we want to compute CECH,.(S) for some fixed radius of for a bounded range of radii r < R,

then we proceed incrementally by first deciding 2-element subsets, 3-element subsets, .. ..

o8



1.3 VIETORIS-RIPS COMPLEX

VIETORIS-RIPS complex

LEOPOLD VIETORIS (04.06.1891 - 09.04.2002) was the oldest living person in Austria (110 28.06.2022
years and 10 months).
Let S  R? be a finite set of data points and o < S.
DEFINITION I1.3.1 (DIAMETER)
The diameter of o is
diam(c) = max{|o; — o9| : 01,02 € 7}.
Example I1.3.2 (Diameter)
The diameter of a set of three points is the length of the longest side of the triangle formed
by these points. o
DEFINITION I1.3.3 (VIETORIS-RIPS COMPLEX)
Let S = R and r > 0. The VIETORIS-RIPS complex of S with respect to r is VIETORIS-RIPS

complex

VR, (S) :={o c S : diam(o) < 2r}.

We can compute VR, (S) as follows: for n := |S| first compute all (}) distances for pairs of
vertices and then add two- and higher-dimensional simplices whenever diam(c) < 2r. (One
can compute the list of facets in O(n?).)

Remark I1.3.4 For sufficiently large r > 0, we have VR,.(S) = A|g_;, which is high-
dimensional with with 2/ faces.

DEFINITION I1.3.5 (MINIMAL NON-FACE)

Let K be an ASC. A subset 0  Vert(K) with #0 > 2 is a minimal non-face / empty face
missing face of K if do < K but o ¢ K, where do := {y < ¢ : dim(u) + 1 = dim(o)} (or

Oo is the ASC with those facets).

Example I1.3.6

Consider a triangle (as an ASC K) without the “face”. This face is a missing triangle of K.o

DEFINITION I1.3.7 (FLAG COMPLEX)

An ASC is a flag complex if the minimal non-faces of K have only two elements, i.e. if  flag complex
o < Vert(K) with #0 > 3 such that do c K, then 0 € K.

- A~ foileSs

vepeapReD, 1 Hhat ave fﬂsu——«z«&,"

74 m-]{m,

et iy

Fig. 96: The only non-edges on the left are edges, so the complex is flag. On the right, faces
ares missing, so this complex is not flag.

99



II.3 VIETORIS-RIPS COMPLEX

DEeFINITION I1.3.8 (CLIQUE)
Let G = (V, E) be a graph. A clique of (7 is a complete (every pair of distinct vertices is
connected by a unique edge) subgraph of G.

DEFINITION I1.3.9 (CLIQUE COMPLEX)
The clique complex C(G) of a graph G = (V, E) is the ASC on V consisting of all subsets
of V' that are cliques of G.

Since a subgraph of a clique is a clique, the clique complex is indeed an ASC.

Fig. 97: Let G be the above graph. The facets of C(G) are he maximal cliques of G,
[1,2,3,4], [5,6,7], [4,5] and [6, 8].

It is not known whether finding maximal cliques has polynomial run time.

Lemma I1.3.10
The clique complex of a graph is flag.

Proof. Let G = (V, E) be a graph and K := C(G) its clique complex. Let o < Vert(K) =V
with k := #0 > 3 such that do c K. If all subsets u c o with #u = k — 1 are contained in

K, that is, cliques of G, then also their union o = J )<k M is a clique, so 0 € K. []

pco,dim(

Lemma II1.3.11
A VIETORIS-RIPS complezx is flag.

Proof. For a finite set S ¢ R? and r > 0, let K := VR,(S). Take 0  Vert(K) = S
with #0 > 3 and do € K. Then every proper subset p C o has diam(p) < 2r. Hence
|1 — po| < 2r for all pq, pe € 0, so diam(o) < 2r,s0 0 € K. ]

Remark I1.3.12 All information of a flag complex is already contained in its 1-skeleton.o

Lemma 11.3.13 (CecH < VR)
We have CECH,.(S) < VR,(S).

Proof. The complexes Crci, (S) and VR,(S) have the same 1-skeleton because there is
an edge between v; and vy in CECHT(S) if and only if B,(v1) n B,(v2) # &, that is,
|vy — va] < 2r. Due to the flag property of VR,.(S5), the latter contains all possible faces,
yielding the statement. ]
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clique

clique complex

Fig. 98: The three balls
intersect pairwise, but

not all, so the face is a
missing triangle. Since
the sidelengths of the
triangle are 2r, this
triangle is included in
VR, (S5).
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Lemma I1.3.14 (VIETORIS-RIPS-Lemma)
We have VR,.(S) < CECHﬁT(S).

Proof. Consider the standard d-simplex Ay in R*1. The edges of Ay have length v/2. Its
barycentre b:= 22 (1,...,1) € R has [b]y = ﬁ. The smallest d-sphere enclosing A,

is centred at b and has radius ry with r3 = 1 — [b]|3 = #‘11. Hence rq = 4/%1 < 1 (with

Tdd_)—oo> 1).

v

| ed

Fig. 99: Left: The barycentre b of the triangle e;eses and a circle in red with centre b and
radius 74. Right: The same situation in two dimensions.

Any set 0 < S of d+1 or fewer points for which a d-ball of radius r4 is the smallest enclosing
ball, has a pair of points of distance v/2 or larger, that is, diam(o) = V2.

Every o c S with diam(c) < v/2 has an enclosing ball with radius 7 < 74, so o € CECH,., (S)
by lemma I1.2.3, which we can write as VR% (S) < CECH,,(S). By multiplying with v/2r
we get that VR,.(S) < CECH s, (5) < CECH ,.(5), where the last < is due to 74 < 1 and
remark [1.2.4. ]

Together we get

CecH,(S) < VR,(S) < CecH 4, (S).

CEcH,.(S) is a nerve complex. VR,.(S) is flag and it is the clique complex of the 1-skeleton
of CECH,(S), that is

VR, (S) = '(Skel; (CecH,(S))), (9)

so empty faces of CECH,.(S) are filled in to yield VR,(S).

By lemma I1.3.14, both complex types roughly contain the same topological information
about S.

The computational bottleneck is: for sufficiently large » > 0 both complex types become
high-dimensional with up to 25! faces, which makes it infeasible to set up the complexes

and also to further compute topological invariants.
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Fig. 100: If the triangle
were equilateral, we get
\/5, otherwise it will be
larger.



1.4 VORONOI DIAGRAMS AND DELAUNAY TRIANGULATIONS

I} Voronoi diagrams and DELAUNAY triangulations

Let S  R? be a finite or discrete set of points.

DEFINITION I1.4.1 (VORONOI CELL)

The VORONOI cell of a point s; € S is the set of points z € R? closer to s; that to any

Sj # St

Vi, = {e e RY: o — s < Jo — 551, 5, € S)

Due to the continuity of the norm, V is closed for any s € S. Furthermore, it is convex as

the intersection of (convex) halfspaces, whose boundary perpendicular to the bisector of s

with any other sg € S.

DEFINITION I1.4.2 (VORONOI DIAGRAM)
The VoroNoI diagram of S is (V)ses, the collection of VORONOI cells of its points.

® @ e & 1

0 e e . o
o ¢ s "

a | ¢ l & o l

Fig. 101: Top: VORONOI diagram of finitely many points. Bottom: VORONOI diagram of

a countable set of points.

DEFINITION I1.4.3 (DELAUNAY COMPLEX)

The DELAUNAY complex of S is the nerve complex of the VORONOI diagram of S:

Del(S)={acS:ﬂVS;éQ}.

seo

VORONOI cells are polyhedra (and thus convex) and thus their intersection is (convex and
thus) contractible. Hence this is a good cover.

If four points lie on one circle, then all their VORONOI cells intersect and hence the resulting
VORONOI graph is the complete graph K, which is not planar.
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1.4 VORONOI DIAGRAMS AND DELAUNAY TRIANGULATIONS

T
]/

Fig. 103: Four points that line on a common circle.

We want to exclude this case (also in higher dimensions).

DEFINITION I1.4.4 (GENERAL POSITION)

The set S < R is in general position if no d+ 2 of its points lie on a common (d—1)-sphere  general position
(or in a hyperplane).
For d = 2 this means that no four points are allowed to lie on a circle or on a line.

Lemma I1.4.5 (General position = dim(Del(S)) < d)
If S is in general position, then dim(Del(S)) < d.

DEFINITION 11.4.6 (DELAUNAY TRIANGULATION)
If S is in general position, then the DELAUNAY triangulation of S is the geometric realisation =~ DELAUNAY
of Del(S) as the GSC on the points S ¢ R? consisting of the simplices of Del(S). triangulation

In this case, we have an embedding in the ambient R%.

Remark I1.4.7 For a finite set S < R? in general position, the DELAUNAY triangulation
of S is a triangulation of conv(S). o

The number of different triangulations of n-polygons (without adding new points) is C,,, the
n-th CATALAN number.

11.4.1 | Weighted Voronoi diagrams

We can modify the model to describe varying strengths of influence. One model is additively
weighted VORONOI diagram: instead of |z — s| we use ds(x) := |z — s| — w with positive
weights w > 0. For points z of the boundary of two regions we have ds, (z) = ds, (2), that is
[z —si| — | —s;| = w; —w;. For w; # wj this is the equation of a hyperbola as "bisector"
between regions.
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Fig. 104: For the weights w; := 5 and wy := 1 at the points s; := (0,0) and ss := (0, 10), we
have dy, (z) = d,(2) if and only if |z — 81| — ||z — s2|| = w1 — wa = 4, that is \/2} + 23 —

2?2 + (2 — 10)2 = 4, which describes the hyperbola with z-axis intersection at (0, x2),
where xo fulfills |zo| — |22 — 10| =4, so x5 = T.

Remark I1.4.8 If all weights are equal, then the additively weighted VORONOI diagram
coincides with the standard VORONOI diagram. o

The power distance is dy() := |z —s|? —w for positive weights w > 0 and the corresponding
weighted VORONOI diagram is called power diagram or LAGUERRE-VORONOI diagram.

Example I1.4.9 The weighted point s; can be interpreted as a d-ball with radius \/w;.

C bisector @D ®{ @

Fig. 105: Examples for where the bisector can lie.

We can also do explicit computations:

solving |z —0[? =1 = |z —2|> — { yields z = 12 (left) and solving |z — 0] —1 = |z — §|*— 1
yields =1 (right). o

For multiplicative weighted VORONOI diagrams we define d,, (z) := - ||z — s;| for w; > 0.

Then, bisectors are circular arcs (or line segments in the case that the two weights coincide).

DEFINITION I1.4.10 (WEIGHTED VORONOI DIAGRAM, DELAUNAY COMPLEX)
The weighted VORONOI cell of a point s € S is the set of points z € R? closest to s,

‘/s = {LE € Rd o ds(x) < de (.'17),8]’ € S}'

The weighted VORONOI diagram of S is the collection of weighted VORONOI cells of its
points.

The weighted DELAUNAY complex of S is the nerve complex of the weighted VORONOI
diagram of S.
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1.4 VORONOI DIAGRAMS AND DELAUNAY TRIANGULATIONS

Remark I1.4.11 In the case the all weights coincide, the multiplicatively weighted VORONOI
diagram coincides with the standard one. o

11.4.2 | Alpha complexes

Alpha complexes are a nested family of subcomplexes of the DELAUNAY complex. They 05.07.2022

are similar to CECH complexes but they are bounded in dimension and have a canonical

realisation 4f S is in general position.

DEFINITION I1.4.12 (ALPHA COMPLEX)
For s € S and r > 0 let R.(s) = B.(s) n Vi. For r > 0, the r-alpha complex of S is  alpha complex
Alpha,.(S) := N ((R(5))ses)-

%{%« R )

Ao, (5)

Fig. 106: An alpha complex and the balls R,.(s).

Remark I1.4.13 (Topological properties of alpha complexes) We have R,.(s) < B,(s).

Hence Alpha, (S) < CEcH,(S). Furthermore, (Rr(s)) is a good open cover of its union.

seS
Furthermore, | J,. ¢ B, (s) ~ | Alpha, (S)| ~ | CECH,.(S)| by the nerve theorem (and since the
(R,«(s))sE 5 are closed and convex as intersection of closed convex sets and cover the same

region as (BT (8))565). don’t we have to take
the interiors of both
Vs and B, (s) such

= ws,. An application is the modelling of ' that the sets are open

Remark I1.4.14 We can also set up weighted alpha complexes: as before for weighted
2

Si

VORONOI diagrams we use balls of radius r

) . . . d ly th
biomolecules, where the atoms are modelled as balls and their radius describes the range of | 2% We €@t abPly e
theorem to this good

the VAN DER WAALS interaction. o *open* cover?
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1.5 SIMPLICIAL HOMOLOGY

Simplicial homology

Recall from figure 2 that for a finite set S © R? we wanted to compute invariants I (K(9))

for associated simplicial complexes K (S).

There are numerical invariants I: {simplicial complexes} — R like the EULER character-
istic and algebraic invariants I: {simplicial complexes} — {groups} like homology and the

fundamental group.

Let K be a (finite, abstract) simplicial complex with ordered vertex set V' = {v,...,v,},
in particular we can without loss of generality choose V' = [n] := {1,...,n}. Further let R

be a commutative ring with 1.

DEFINITION I1.5.1 (CHAIN MODULE)
The j-th chain module C;(K; R) of K is the set of formal linear combinations of j-faces of
K with coefficients in R.

The chain module is a free R-module. Here we need the 1 of R to define the linear combi-

nations.

Example II.5.2 (Chain modules) Consider the ASC K realised in figure 107. Its chain
modules are
(”()([\]: [{) = {Oé -v1 + 6”2 + YUs - aaﬁav € R}7

where e.g. v means {v;}, and
C(K;R) = {0 vivg + & -v9u3 : §,€ € R},
where e.g. v1vo means {v1, vo}. o

The j-faces of K form an R-basis of C';(/"; I?). Hence (for j > 1)

J J
(?j(vg...vj) = Z(*l)kvo...vk_l’l)k_’_l...’l}j = Z(*l)k’vo...’lﬁc...vj, (10)
k=0 k=0

where vg ... v; (should rather be vy, ... vy, with kg < ... < kj) is an ordered j-simplex and
the hat signifies omission, defines (by linear extension) an R-linear map from C;(K; R) to
Cj_l (K; R)

DEFINITION I1.5.3 (BOUNDARY MAP)
The j-th boundary map of K is

8;: C;(K; R) — Cj_1(K; R)
defined by (10).

Remark I1.5.4 (Special choices of R) When R is a field, then (/K R) is a vector
space (where one can use GAUSS elimination to simplify matrices). The choice R = Zs
is widely used in computational topology. The universal case is R = Z, as the universal
coefficient theorem from Topology tells us that results for other rings can be deduced from

this case. o
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Example I1.5.5 Let o = vgvivs = {vg,v1,v2} be an oriented / ordered triangle with Va
vg < v1 < v9. Then +
62(0) = V1V2 — VgV2 + VgV1.

Further, Ve + VL
01(02(0)) = 01(v1v2 — vova + vou1) = 01 (v1v2) — 1 (vov2) + 1 (vov1) Fig. 108: An edge viv;
= (1;2 — vl) — (1)2 — 1)0) + (Ul — UO) =0. o  receives a plus if v; <

v; and a minus else.

DEFINITION I1.5.6 (do)
Let 0y := 0 by setting C_1(K; R) := R-0 and 0y(v) = 0 for any vertex v of K.

Lemma I1.5.7 (Most important lemma: 0% = 0)
We have 0,0441 = 0 for all ¢ = 0.

Proof. Consider g + 2 vertices vg, ..., vg41 of a (¢ + 1)-dimensional simplex. Then
q+1 L) q+1
P (vy...vg1) =0 (2(—1)%0...@...%“) = =Dk (v Bk vg41)
k=0 k=0
q+1 q+1
= (1)’@( D) g Ty Vgt
k=0 j=k+1

where we use that 0 is linear in (L). Each ordered g-simplex occurs twice, but with opposite

sign, hence the overall result is zero. O

DEFINITION I1.5.8 (BOUNDARY MODULE, MODULE OF CYCLES)
The j-th boundary module is B;(K; R) = im(0;+1) < C;(K; R). boundary module
The j-th cycle module is Z;(K; R) := ker(9;) c C;(K; R). cycle module

Since 0;41 and 0; are R-linear, B;(K;R) and Z;(K;R) are free R-submodules of the R-
module C;(K; R). By lemma I1.5.7,

B;(K; R) < Z;(K; R),
so we can take the quotient (do we need commutativity of R for this?).

Cin

DEFINITION I1.5.9 (SIMPLICIAL HOMOLOGY MODULE)
The j-th homology module is homology module

H;(K;R) = Z;(K; R)/B;(K; R).
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Remark I1.5.10 (Special choices of R) If R = Z, then H, is an abelian group and if R
is a field, then H; is a vector space. o
Remark I1.5.11 Each finitely generated abelian group G has two uniquely determined
subgroups F and T, where F is free and T (the torsion subgroup) is finite. e

DEFINITION I1.5.12 (BETTY NUMBER)
The ¢-th BETTY number 3, of K is the free rank of Hy(K;Z). BETTY number

The BETTY numbers are topological invariants.

Example 11.5.13 For example, a homology group could be H;(K;Z) = 7' ®(Z, @ Zs).
In this case 3; = 104, F' = 7% and T = Zo ®Zs. o

THEOREM I1.5.1: EULER CHARACTERISTIC AND BETTY NUMBERS

For an n-dimensional simplicial complex K we have

X(K) = Y (D fu(K) = D (~1)F By

k=0 k=0

DEFINITION I1.5.14 (HOMOLOGY CLASS, HOMOLOGOUS)

The homology class of ¢ € Z;(K;R) is [¢] := ¢+ B;(K;R) € H;j(K;R). Two cycles  homology class
¢,d € Zj(K; R) are homologous and we write ¢ ~ d if they belong to the same homology

class: c e [d].

Hence a homology class is represented by a cycle, which is not a boundary ("non-bounding

cycle"), which one could see as a "hole" in the complex.

Example I1.5.15 We have 0A3 =~ S?, that is, the boundary of the 3-simplex (the tetrahe-

dron with vertices 1,...,4) is homeomorphic to S2.
o . Sty
4 clingeram
N7~ .9
l Y l LTS TN

Fig. 109: The tetrahedron with ordered triangles as faces.

We have
03(1234) = —123 + 124 — 134 + 234

To compute Hy(0As;Z) we write

03 | 123 124 134 234
12 1 1 0 0
13| -1 0 1 0

141 0 -1 -1 0
23 1 0 0

241 0 1 0 -1
34| 0 0 1




1.5 SIMPLICIAL HOMOLOGY

Adding the second and third row to the first one eliminates it. The first three rows can be

eliminated, so (this is nonsense)

-1

Z3(0As;Z) = ker(d3) = < s 11 HCNYA

1

We interpret (—1,1,—1,1)" as a linear combination of triangles —123 + 124 — 134 + 234.
We have By (0As;7Z) =

To compute H; we observe that the k-th column in the boundary matrix ds is a linear
combination of the first three columns, that is

Bl = 1m(52) :XX

69
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We have four vertices, six edges, four triangles and one 2-simplex, so Co(0A3;Z) =~ 7z,
C1(0A3;7) = 7°, Cy(0As3;7) = Z* and C3(0As3;Z) = 7.

To compute the 0-th homology we write
Ho(aA;g,Z) = Zo(aAg,Z)/Bo(aA;),,Z) = ker(dg)/im(él).
Since dg: Cyp — C_1 = R -0, we have ker(dy) = Cp(0A3;Z) =~ Z*.

We have §;(12) = 2—1, 6;(13) = 3—1 etc. We have (4—3)+(3—2) =4-2, (3—1)—(2-1) =
3—2and (4—3)+ (3—1)=4—1,s0im(6,) = Z*, implying Ho(0As3;Z) = Z* /| 7* = 7.

Alternatively, we can write

and calculate that both its kernel and image have dimension 3 over Z.

To compute the first homology we write

Hl(aAg,Z) = Z1(6A3,Z)/B1(6A3,Z) = ker(él)/lm(zsg)

(finish this!

Together we get the homology vector

H(0As;Z) = (Ho(0As;Z), H1(0A3; Z), Hy(0As; Z)) = (Z,0,Z). o

another Homology

calculation exam-
Example I1.5.16 Let (G, E) be a graph with C' connected components. Then ple for the ASC with

facets 12, 14 and 234.

Hy(G;2) = (2; ZFI-VI=O), o
because in each connected component G; = (E;,V;), j € {1,...,C} the number of edges
which are in the graph, but not in a spanning tree of G; is z; := |E;| — (|V;| — 1). Hence

for the whole graph this number is Z]C:l zj = |E|— ([V| - C), as |E| = Zle |E;| and
similarly for |V|. The edges of the spanning tree can be contracted and this contraction

gives a homotopy equivalence.

For example,

m?,w&w o

Fig. 110: Contracting the edges of a spanning tree gives a homotopy equivalence to a regular
CW complex, from which one can determine the first homology of that graph.

Example I1.5.17 (Homology of the sphere)
We have H,(S%Z) = (Z,0,...,0,7). o
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SMITH Normal Form

If R is a field, then By = im(dx4+1) and Z; = ker(d;) and thus Hj can be computed via
GAussian elimination. But GAUssian elimination might fail (if the space has torsion) for

R = Z in case multiplicative inverses are needed for the elimination.

Instead of multiplicative inverses (it suffices if we can cancel rows) we can instead utilise the

Lemma I1.6.1 (Lemma of BEzouT)
For all a,b € Z there exist s,t € Z such that ged(a,b) =s-a+1t-b.

Remark I1.6.2 If d is a common divisor of ¢ and b, that is, there exist x,y € R with
d=a-z and d = b-y and every common divisor of ¢ and b divides d, then d is called a
greatest common divisor of a and b and we write d = ged(a, b). In general rings, the ged of

two elements may not exist.

DEFINITION I1.6.3 (PRINCIPAL IDEAL DOMAIN)
Let R be a commutative ring with 1 # 0. Then R is a principal ideal domain (PID) if

e a-b+#0 for a,be R\{0} (all elements of R are regular),

e every ideal I c R is generated by some x € R, written as I = R - x.

Remark I1.6.4 An ideal is a subset of a ring containing 0, which is closed with respect to
addition and multiplication with elements from the ring.

Remark I1.6.5 The ring of matrices is not a PID, because e.g. there exist nilpotent ma-
trices and so the first condition in Definition 11.6.3 is not fulfilled.

Example 11.6.6 (PID)

The integers Z form a PID. S

Remark I1.6.7 The Lemma of BEzZOUT holds in every PID.

11.6.1 | Homology computation via the Smith Normal

Form

Let R be a PID, e.g R =Z and A € R™*", e.g. A = é;. Then there is (we will prove this
by using an algorithm to construct them) a regular m x m matrix S and a regular n x n
matrix T such that

a1 0 0
. 0
sar=|0 0 e R™*n (11)
0 0 a

\ 0 [0/
with «; | a1 for all je {1,...,r —1} and ay # 0 for all k € {1,...,r}. This is the SmITH
normal form (SNF) of A.
Remark I1.6.8 (Invariant factors) The «y are the invariant factors of A. We have oy, =
dfﬁg’a), where dj,(A) is the ged of all k x k-minors (subdeterminants) of A and dp(A) =1
(here we need that R has a unit elements 1 # 0). For computation, this structural result is

useless, because the computation of dj has exponential running time in k.
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Remark I1.6.9 (How SNF determines the homology)

Let (11) be the SNF of 6p41: Cpi1(K;Z) — Cr(K;Z) and s := rank (Cy(K; Z)) — rank(dy),
where rank (C(K;Z)) is the number of basis elements of Cy(K;Z) and rank(dy) can be
read off from the SNF of &, then

Hy(K;Z) = 2 ® P Za, -
j=1

Remark I1.6.10 The largest torsion coefficient of a simplicial complex grows as @(2"2), even though the
SNF can be computed in polynomial time (so it is not strongly polynomial). The proof uses randomised
methods, but there is a construction using HADAMARD matrices (which have entries +1 and determinant
n? e ©(27102(M)) such that the greatest torsion coefficient is in © (27 10g(m),

11.6.2 [ Algorithm for SNF computation

Input: Ae R™*".
Output: S, T regular matrices such that SAT is in SNF.

We modify A successively by row and column operations (in mixed order) implemented by

regular square matrices Si,...,S; and Ty,...,Ty such that S = S ... Sy and T =T} ...T}.
Initialise: S = id,,, T' =1id,, SAT = A.

Step 1: Proceed recursively and choose pivot. Suppose

where j; > t is the smallest column index with a non-zero entry.

If the entry a;;, = 0, then there is a smallest k£ > ¢ with ax ;, # 0 (the red entry above).
We then exchange the ¢-th and k-th row.

Then
o\
Nl:-!
©--0 at‘ ,‘.'-.* é- t-
\ i ’;&' Dot v '
PR - SV { ; <~ 4
o--0% 10 % o

Step 2: Improve the pivot (should be the smallest possible). If for a; ;, # 0 there is
an entry ax j, # 0 with with (not a; j, | ax j,), then let 5 := ged(ay,j,, ar,j,). By lemma I1.6.1
there exist o, 7 € R such that 8 = a j,0 + ax j, 7. Via row operations (by left multiplication
by a regular matrix S;) we replace the t-th row by o - (t-th row) + 7 - (k-th row).
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For a = atﬁ and v = akﬁ’jt we have o - a + 7 -y = 1. The matrix

is invertible with inverse

-1 _
¢ = L | T
y e,
Ll
and
X,

We repeat this step until no further improvement is possible. Since §|ay j,, ax ;,, the proce-

dure terminates.
Step 3: Eliminate further non-zero entries in row ¢t and column j; via row and

column operations.

For row entries: add multiples of row ¢ to remaining rows. For column entries: repeat step

2 for columns instead of rows.
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Warning: Column operations might cause new row entries in column j; and we possibly
have to repeat row operations. However, since S has only finitely many prime factors, the

process eventually becomes stationary (e.g S becomes 1).

Step 4: Move zero-columns to the right. We obtain the block matrix

diag(ag,...,a¢) 0O
0 *

We still have to take care that az—; | .
First of all, an example.

Example II.6.11 Consider A = (§31). Let 8 = ged(6,4) =2 =6-1+4-(—1). With

a:§:3and’y:%:2weget

2
51=<J T>:<1 —1)
-7 « -2 3
SlA:<2 _2>.
0o 7

Adding the first to the second column via T} = (§ 1) we get S1 ATy = diag(2,7).

and thus

Step 5: ensure divisibility. If «; |a;11, we add the (i + 1)-th column to the i-th column

n

and apply row operations to "repair" «; by replacing it with 8 = ged(a;, iq1)-

Example I1.6.12 (Continued) Recall that S;AT) = diag(2,7). Adding the second col-
umn to the first via 7h = (1 9) yields S1AT T> = (2Y9). Let § = ged(2,7) =1 = 2:(=3)+7-1.
Hence a = % =2and vy = % = 7. Hence Sy = (:? _21) and we get S2S1ATVTy = (§14)-
Finally, with T3 = ((1) *17) we get 5951 ATV ToT5 = diag(1, 14), which is the SNF of A.

Example I1.6.13 (Homology of RP? via SNF)

Consider RP? as a cell complex (CW complex) with one vertex (0-cell), one edge (1-cell)
and one disk (2-cell). We have d5(this disk) = 2 - (this edge) and the (1-)boundary of Cj is
0- Co.

Hence Z»(RP* R) = ker(ds) = {0} and Bo(RP* R) = im(d3) = {0} (since there are no  Fig- 1111 A CW-
3-faces) and thus Ha(RP?; R) = {0}. Further Zo(RP?; R) = ker(dy) = R and By(RP%* R) = f)?ﬁ‘l;fx representation
{0} and thus Hy = R. In the case of R = Z from the Smith Normal Form we get H; =
280 @@, Zy = Ly since b, is already in SNF. Alternatively, Hy(RP*;Z) = Z/Z; =
Zs. o

74



II.7 PERSISTENT HOMOLOGY

Persistent homology

DEFINITION I1.7.1 (FILTRATION)
A of a (e.g. simplicial) complex K is a nested sequence of subcomplexes (K j);”:O
with

F=K°cK'cK?c...cK"=K.

A complex K together with a filtration (K7)7 is a

Example I1.7.2 (Filtration)

The CECH complex CECH,(S), the VIETORIS-RIPS complex VR,.(S) and the alpha complex
Alpha,.(S) (for all r) are filtrations. Another example is , that is
K" := Skel,, 1 (K) with K° = Skel_; (K) := . One can also consider ,
where we uniformly randomly choose whether to add one simplex or the other.

DEFINITION I1.7.3 (HOMOLOGY OF A FILTRATION)

Let K be the ¢-th intermediate complex of a filtered complex.

Let Zf = Zy(K") be the k-th cycles of K*, Bf := By(K*) be the k-th boundaries of K,
H{ := Z,,(K*)/Bg(K") be the k-th homology of K* and 3§ := rank(H}) the k-th BETTI

number of K*.

Over time steps ¢, 3¢ records the one-dimensional holes. We call 3; the

—y
-

&

Fig. 112: An example for a data set S and for a plot of the corresponding signature function.

If ¢ depends on e.g. a radius r, then 8{ — 0 for £ — oo.

It is hard to distinguish between features and noise (e.g. spin glasses in material science).
We want to identify over (a longer period of) time, e.g.
find the non-bounding cycles that remain non-boundaries for at least the next p intermediate

complexes of the filtration.
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DEFINITION I1.7.4 (PERSISTENT HOMOLOGY)
Let (K%, be a filtration, ke N, £ € {0,...,m} and p € {0,...,m — £}. The

1S
Lp . ¢
HP = Z{\(B,"™" n Zy)
and the is

52”’ := rank (Hﬁ’p).

Note that Hﬁ’o = Hf by lemma [1.5.7.

Remark I1.7.5 (Welldefinedness) The module H i’p is well-defined because Biﬂ’ N Z¢ s
the intersection of two submodules of C’,ﬁ”’ (because (K¢)j~, is a filtration) and thus itself
a module and because it is a submodule of Z,g.

Remark I1.7.6 (Functorial way to define persistent homology groups)

It two cycles are homologous in K*, then they also exist and are homologous in K+
(because the inclusion K* = K**P induces an injective simplicial map K* < K*®*P). For
the map ni’p: H{ — Hﬁ“’, which maps a homology class in Hy to one containing it in Hﬁﬂj,

we set HiP = im(1.7).

Example I1.7.7 (Creating, destroying simplices)

If the dotted triangle o (we could also instead choose o to be the new outer edge of this
triangle) is added first together with the two edges (7 is not yet added), then the outer
boundary cycle Z of the whole complex is homologous to the boundary Z’ of 7, s0 Z ~ Z'.
We say that a cycle is created by adding ¢ and killed by adding 7.

DEFINITION I1.7.8 (PERSISTENCE, CREATOR, DESTROYER)
Let Z be a non-bounding k-cycle that is created at time ¢ by the addition of the simplex
o, and let Z/ ~ Z be a homologous k-cycle that is turned into a boundary at time j by

the simplex 7. Then the is
We say that o is the of [Z] and 7 is the of [Z]. In particular we say that
oisa and 7T is a

The persistence is the time o "survives".
Example I1.7.9
A creation at time ¢ and death at time i + k yields a persistence of k.

S B 22l
:_;_L_‘ V=
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II.7  PERSISTENT HOMOLOGY

Suppose that the filtration (K*)7" of a simplicial complex K does not have torsion, e.g.
by choosing R = Zy. Then for any bounding k-cycle z € By in the terminal complex K
there is a representing pair of simplices (o, T) that create and destroy [z] at times ¢ and j,
respectively.

Remark I1.7.10 We can have 7 = ¢, though. In figure 113 we have ; = 0 for all times.

Example II.7.11 (Barcode diagram)
Every pair (o, 7) with o # 7 is visualised by an half-open interval [, j), the of the L
k-cycle z € Zi. Non-bounding cycles (that is, z € Z;\By) in K are represented by intervals

[i,0). Fig. 113

Fig. 114: This representation of persistence is called for H,.

What is this shape
above the barcode?

Note that the vertical axis doesn’t carry any meaning in the bar code diagram.

Example I1.7.12 (Persistence diagram)
Every point in the below represents a pair (o, 7), plotted at the coordi-
nates (4, j), where 4 is the time of birth and j is the time of death of the pair.

Fig. 115: The black dots represent O-dimensional homology, the red ones 1-dimensional
homology.

Important. All points close to the diagonal (most likely) represent noise, while points far
away from the diagonal represent persistent information of the filtration.

An application is to spin glasses, which look very similar to the human at different points

in time:

7



1.7 PERSISTENT HOMOLOGY

But, with some luck, the persistence diagrams differ visibly and one can conclude that

something changed between those two points in time. o
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